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ABSTRACT
There are many structures in need of strengthening and upgrading and the need 
for this is due to a number of factors:
  Structural deterioration over time
  Traffic volume increases
  Increases in allowable maximum vehicle weights
  Poor maintenance
  Poor construction quality
  Errors in initial design
Steel plate bonding has historically been used to enhance load-carrying capacity 
but there are inherent problems with such systems (e.g. section weight, corrosion 
susceptibility). Consequently, the use of advanced composites for strengthening 
has become more widespread in recent years, as such materials have high 
strength and stiffness but without the disadvantages encountered with steel 
plates. However, FRP composites do not possess the desired ductile 
characteristics and, hence, there is hesitance in their use, due to concerns of 
potentially sudden collapse.
In this research the investigation is based on Fibre Reinforced Polymer (FRP) 
strengthened reinforced concrete beams and slabs, with particular attention to the 
ductility of strengthened elements and their failure modes. A total of twenty 
beams and nine slabs were tested. The beams were 2.6m long, with a cross- 
section of 100mm x 200mm, and the slabs were 3m long, with a cross-section of 
500mm x 100mm. All sets of elements consisted of a control member and 
strengthened members with varying amounts of CFRP sheet or plate.
The main conclusions drawn are:
  The inherent ductility of CFRP strengthened elements is not as low as has 
been previously thought. Some of the tested elements with lower
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amounts of strengthening displayed acceptably ductile failure modes; i.e. 
the elements demonstrated levels of deflection/deformation prior to 
ultimate loads to ensure sufficient forewarning of impending failure.
  The crack patterns of strengthened elements vary considerably from un- 
strengthened ones, particularly with respect to beams. Cracks in 
strengthened members tend to be smaller and narrower, with an increased 
crack density. Additionally, cracks in strengthened elements tend to 
increase in number up to failure, unlike their un-strengthened 
counterparts.
  FRP strengthening is not suitable for elements already heavily- 
strengthened in flexure. Experiments have shown that there is 
insignificant improvement in performance, as the elements all fail due to 
crushing of the concrete in the compression zone, making any 
strengthening redundant.
  A non-linear numerical model has been created and verified using the 
data acquired from the experimental programme. This will enable the 
prediction of element deflection up to ultimate load and, hence, allow the 
ductility to be quantified during the design stage.
  A method of predicting the maximum deformation of fibre composites 
strengthened RC beam elements has been developed, enabling designers 
to effectively determine the deflection of such elements.
  A revised method has been developed for determining average crack 
widths under load, which builds on existing theory to include the effect of 
the CFRP strengthening on the element behaviour.
Keywords: Fibre Reinforced Polymers; Carbon Composites; Reinforced Concrete; Flexure; 
Strengthening; Retrofitting; Ductility; Deformability; Failure Modes; Over/Under Strengthening; 
Optimisation; Practical Considerations; Non-linear Modelling
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Chapter 1____________________________________________Introduction
CHAPTER 1 INTRODUCTION
1.1 Need for maintenance and strengthening of existing structures
1.1.1 Discussion of the problem
All engineering structures constructed from materials including reinforced 
concrete are designed for a finite life and this itself may be shortened further due 
to aggressive environments; for example, in car parks where de-icing salts are 
deposited on the surface of the deck slabs. Feedback from a Government 
commissioned survey of 200 highway concrete structures highlighted durability 
problems, even where materials, specification and construction practices were 
satisfactory (Tann, 2001).
Consequently, from a practical and commercial viewpoint, there are ample cases 
where it may become necessary to strengthen a reinforced concrete member. The 
need for strengthening is due to a number of factors:
  Deterioration of structures over time
  Increases in traffic volumes
  Increases in the allowable maximum vehicle weights
  Poor maintenance
  Poor construction quality
  Errors in the initial design
  Inadequate design codes in need of updating
1.1.2 Upgrading structural performance without fibre composites
Historically, strengthening would have been achieved using section enlargement 
or, more usually, by attaching steel plates to the tension surface, to help resist the 
tension forces in the degraded structure.
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However, steel plate bonding has a number of disadvantages:
  Peeling-off of plates - this has been addressed in the past by the 
introduction of end anchors in the plates, where the plate has been bolted 
to the strengthened structural element;
  Heavy section weight - steel obviously has a high self-weight and this 
has implications when strengthening works are being carried out, with the 
need for extensive temporary support systems;
  Jointing - Due to the need to keep steel plates flat prior to application, to 
reduce induced stresses, the maximum practical transportation length is 
around 8 metres. This necessitates jointing of the plates, as most spans 
are greater than this, which is both time consuming and labour intensive;
  Corrosion - This is one of the more significant problems with steel plate 
bonding. Since such strengthening is on the external face of the structure, 
the steel is under constant attack from environmental conditions, even if 
protective coatings are used.
1.1.3 Strengthening techniques using fibre composites
In recent years, Fibre Reinforced Polymer (FRP) composites have increasingly 
been used instead of steel plates, see Table 1.1 and Figures 1.1 (a) to (c), but there 
still remain technical issues to be resolved, for instance the potential for brittle 
failure modes of FRP composites strengthened structures. It is recognised that 
FRP composites strengthened, reinforced concrete (RC) elements behave 
differently from their steel reinforced counterparts, due to the primarily linear 
elastic stress/strain characteristics of composites up to failure. The main benefits 
of FRP composites are:
  resistance to corrosion and chemical attack
  lightness of material and, hence, ease of application.
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Table 1.1 - Examples of strengthening works carried out in the UK in recent
years using FRP composites
Structure





Haversham Bridge, Milton 
Keynes
Hythe Bridge, Oxford
Barnes Bridge, A34/M56 




Covered Way 21 (CW21) 
Tunnel opening














Strengthening of 4 bays of floor slab to allow cut 
outs for escalators during night time working. 
CFRP laminates threaded over pipes, cables and 
ducts.
Strengthening 2nd floor slab on office building 
subject to increased loading.
Flexural strengthening of swimming pool 
longitudinal RC beams with CFRP plate bonding.
Flexural strengthening of the longitudinal RC 
beams in hogging with CFRP plate bonding to the 
top of the deck, underneath the waterproofing 
membrane.
Plate bonding of 125 -year old cast iron beamed 
bridge, increasing the 7.5 tonne capacity to 40 
tonnes. (See Figure 1 . 1 (a))
Strengthening of bridge deck with CFRP plates to 
achieve higher flexural capacity due to increase in 
HGV loading to 40 tonnes. (See Figure 1.1 (b))
Strengthening of floor slab in flexure with 100mm 
wide, 1 .2mm thick CFRP strips
Strengthening of reinforced concrete column by 
wrapping with several layers of CFRP sheets
Strengthening of cast iron, roof support girders
Strengthening of original slabs for increased 
loading. (See Figure 1.1 (c))
Sources: Tann (2001); www.ngcc.org.uk;
www.shef.ac.uk/uni/projects/tmrnet/index.html; 
http://www.structuralsystems.com.au; Proceedings of ACIC07.
P. Davies - PhD Thesis, 2010
Chapter 1 Introduction
Figure 1.1 (a) - Hythe Bridge strengthening (www.ngcc.org.uk)
Figure 1.1 (b) - Pioneer Centre, floor slab strengthening (www.ngcc.org.uk)
Figure 1 .l(c) - Westfield London Retail and Leisure Development, floor slab 
strengthening (http://www.structuralsystcms.com.au/SSL/Cascs/SSUK-PDS-R009-
WestficldLondon.asp)
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1.2 Mechanical Properties of FRP composites
There are three main types of FRP composites used in the construction industry; 
namely Glass Fibre (GFRP), Carbon Fibre (CFRP) and Aramid Fibre (AFRP). 
Table 1.2 shows the typical mechanical properties of the various composites.





























It should be noted that the value ranges given in the table are only indicative and 
the properties of a particular product should be independently verified. 
Additionally, for FRP composites formed by wet lay-up techniques, it can be 
difficult to control the thickness and, hence, define precisely the elastic modulus 
and tensile strength. Consequently, two methods have been developed; the 'fibre 
sheet thickness' by Ahmed et al. (1999), and the nominal thickness, 
recommended by Teng et al. (2002).
All types of FRP composites display linear stress/strain behaviour up to failure, 
as can be seen in Figure 1.2. This is an important issue as the consideration of 
structural ductility is of predominant importance to all structural designers 
because all appropriately designed structures must attain sufficient ductility, 
under ultimate loads, to provide adequate warning of failure and prevent sudden 
and brittle collapse. This aspect is further explored in Section 1.3.
Source: Teng et al., (2002)
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Figure 1.2 - Comparison of Steel and FRP composites Stress/strain plots
(Teng et a/., 2002)
1.3 Ductility and its importance to FRP strengthening
The term 'ductility' derives from the Latin word ductilis and means the ability of 
materials, particularly metals, to retain strength while subjected to applied 
loading. This has more recently been extended to include the ability of any 
material to sustain inelastic deformation before fracture.
Ductility is of primary importance to structural design engineers, since all 
appropriately designed structures should be sufficiently ductile, at ultimate limit 
state, to:
  ensure that internal forces can be redistributed within the structure. This
occurs when parts of the structure near ultimate limit state and allow 
plastic hinges to be formed.
  additionally, it is commonly agreed that ductile structures provide 
sufficient warning of impending failure, thereby removing the likelihood 
of sudden or "brittle" collapse.
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The concept of 'designed-in' ductility is particularly applicable to RC beams and 
slabs. During many experiments in RC beam strengthening due to steel plate 
bonding, it became apparent that sudden peeling of the plates was one of the 
main causes of failure (Tann, 2001). This characteristic has many similarities 
with RC beam strengthening using other materials such as FRP composites.
However, it has been noted from previous experimental work (Tann, 2001) that 
elements strengthened with an appropriate amount of FRP can exhibit a suitable 
level of ductility. This is significant because, as detailed earlier in this chapter, it 
is often mistaken by some that FRP composites strengthened RC structures show 
negligible or no ductility. The issues emerge as follows:
a) It is imperative when calculating the ductility of any strengthened 
element to first be able to determine the load/deflection behaviour. This 
needs to be developed via a numerical model that could be utilised during 
the design process.
b) Another unresolved technical issue is the determination of surface crack 
widths for FRP composites strengthened members (Tann, 2001). It has 
been noted that the crack width and density varies considerably from that 
of un-strengthened elements, particularly for RC beams.
c) Finally, the consideration of the effects of FRP composites strengthening 
on heavily-reinforced elements needs to be investigated, to confirm the 
influence of the internal steel reinforcement ratio on the strengthened 
element behaviour of FRP composites strengthened members.
1.4 Aims and objectives
Although guidance currently exists for the design of FRP composites 
strengthened structures, it is rather limited and, consequently, it is the main aim 
of the current research to develop a means of predicting the deformation
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characteristics of FRP composites strengthened elements and, hence, determine 
their ductility and/or deformability. This will in turn lead to the formation of 
improved design guidelines.
The main objectives are as detailed below:
1) To carry out an experimental programme on both beam and slab 
elements, with parametrically varying cross-sectional areas of internal 
steel reinforcement, which have varying amounts of FRP composites 
sheets or plates bonded to the soffit, under strictly controlled laboratory 
conditions in order to:
  Assess element behaviour by recording both displacements and 
strains up to ultimate limit state;
  Characterise the mechanical properties of all the materials used; i.e. 
concrete, reinforcing steel and CFRP composites;
  Evaluate the failure mechanisms of FRP-bonded under-, balanced- 
and over-strengthened RC elements (as defined in pre-FRP-bonding 
stage).
2) Use the data collected from the experimental programme to:
  Assess the validity and reliability of the experimental data;
  Develop a suitable means of processing the experimental results (e.g. 
the use of spread sheets);
  Produce moment/curvature diagrams to assess the performance of the 
different experimental elements;
  Investigate the influence of increasing amounts of CFRP 
strengthening on both beam and slab elements;
  Identify typical failure modes for CFRP-strengthened elements.
3) Develop analytical models that will predict the load/deflection and 
moment/curvature behaviour of FRP composites strengthened elements.
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The models will be validated using the data obtained from the 
experimental programme.
4) Determine ductility and deformability indices for the experimental 
elements and, together with a parametric study of elements tested 
elsewhere and published in peer-reviewed journals, define suitable 
ductility levels to ensure the prevention of brittle failure for FRP 
composites-strengthened RC elements.
5) Define a new method of calculating the ductility index for a CFRP- 
strengthened RC element.
6) Correlate the ductility and deformability levels of FRP composites- 
strengthened RC elements to ultimate load and failure mode.
1.5 Structure of the Thesis
This thesis is divided into nine chapters, which cover the following topics:
Chapter 1: This chapter begins with a general introduction to the need for 
structural repair, and then discusses more conventional methods 
for structural strengthening before discussing both the benefits 
and shortcomings of strengthening with fibre composites, with 
particular emphasis on the need for ductility. Finally, the aims 
and objectives of the current research are outlined.
Chapter 2: A comprehensive, critical literature review on the conventional 
methods of quantifying ductility in FRP composites strengthened 
RC elements, together with the classification of failure modes for 
such elements. A summary of the salient points of both aspects of 
the review is presented in tabular form at the end of the chapter 
and areas requiring further investigation are identified.
P. Davies - PhD Thesis, 2010
Chapter 1________________ Introduction
Chapter 3: An experimental investigation into elements, both in beam and 
slab form, with differing cross-sectional areas of internal steel 
reinforcement. These were later strengthened with varying levels 
of CFRP sheets or plates. Additionally, control RC elements were 
planned to be tested, in order that a comparison can be made with 
the FRP composites strengthened beams and slabs to determine 
not only changes in element behaviour but also differences in 
ductility indices.
Chapter 4: An analysis and examination of the results of the experimental 
programme, including presentation of data in graphs in the 
following forms:
  Load against deflection
  Deflection profiles
  Load against strain
  Element surface strains
  FRP composites surface strains
  Load against Neutral Axis depth
  Moment against curvature, derived from both strain and 
deflection data
  Total number of cracks against load
  Maximum crack length against load
  Average crack length against load
  Average crack width against load
Chapter 5: A new model for the prediction of deflections in fibre composites 
strengthened RC beam elements is presented, which utilises a 
novel method of determining the second moment of area of a 
strengthened element, based on the amount of bonded fibre 
composites. Subsequently, a method of deflection determination 
is presented and is tested by means of a study comprising not only
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elements from the current research programme but also elements 
from published data.
Chapter 6: This chapter presents the analytical modelling developed, which 
includes a non-linear model created by the candidate utilising 
Visual Basic programming and presenting the program to the user 
via a Microsoft Excel interface. Analytical modelling is then 
carried out to simulate the flexural behaviour of both control and 
FRP composites-strengthened RC elements. The influence of 
varying levels of bonded FRP composites together with differing 
amounts of internal steel reinforcement is investigated and the 
results are compared with data obtained from the experimental 
programme.
Chapter 7: The determination of ductility and deformability is discussed, 
relating to fibre-composites strengthened elements and the 
appropriate level of both indices is considered. A comprehensive 
study is presented of both elements in the current research 
programme, together with numerous elements from published 
data.
Chapter 8: The development of cracks in FRP composites-strengthened RC 
elements is investigated and compared with that of normally- 
reinforced members to develop a better understanding of the 
behaviour of strengthened beams and slabs. A new method of 
determining the average crack width in strengthened elements is 
developed.
Chapter 9: A summary of the research project, together with the major 
conclusions from the study, is presented. Additionally, the 
limitations of the present work are identified and suggestions for 
further work included.
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1.6 Concluding remarks
FRP composites have great potential for the strengthening of reinforced concrete 
structures but it is imperative that the issue of ductility, crack development and 
influence of internal reinforcement ratios be addressed, before guidelines can be 
developed to take account of any potential strengths as well as weaknesses.
If these parameters can be suitably quantified, the application of FRP composites 
in the structural strengthening field would be far more acceptable to structural 
design engineers.
The purpose of the current research is to suggest definitive approaches for more 
accurate performance evaluation of FRP composites strengthened elements, 
backed by empirical and analytical evidence.
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CHAPTER 2 LITERATURE REVIEW
2.1 Introduction
To a structural designer, ductility is the ability of a structure to sustain 
deformation before its failure under ultimate load. Kemp (1998) described 
ductility as the "inelastic rotations through which critically stressed regions of a 
beam can deform in flexure, before a loss of moment capacity occurs". It has 
been generally accepted that ductility can be measured by a dimensionless factor, 
the "ductility factor" or "ductility index". This can be evaluated in several 
different forms from within two broad categories; namely deformation-based 
indices and energy-based indices.
Structural ductility is of particular concern to engineers when designing FRP- 
strengthened elements due to the linear-elastic behaviour of the FRP materials up 
to failure. Consequently, conventional methods for determining ductility indices 
are not appropriate for FRP-strengthened elements because insufficient inelastic 
deformation is achieved.
Additionally, the failure modes of strengthened elements are of particular 
concern, as it is desirable to design any structural element to fail in a mild or 
ductile manner and, thereby, remove the likelihood of a sudden, brittle failure.
2.2 Deformation-Based Methods
2.2.1 Spadeaetal:
Spadea et al. (1998) (and, subsequently, Bencardino et al. (2002)) defined 
deflection-based ductility as being calculated using the mid-span deflection at
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ultimate load, Au, and the corresponding mid-span deflection at the load where 
the internal steel yields, Ay . This is presented in Equation 2.1.
" =
where Au is the maximum mid-span deflection of a member at ultimate limit state 
and Ay is the corresponding value where the steel reinforcement reaches its yield 
strength.
The authors also presented an index based on the curvature of the element, which 
can be calculated using the curvature at ultimate limit state, cDu, and the 
corresponding curvature at the load where the internal steel yields, Oy . This is 
presented in Equation 2.2.
where Ou is the curvature in the constant moment region at ultimate load and Oy 
is the curvature in the constant moment region at the steel reinforcement yield 
point.
2.2.2 Swamy et ai.
Swamy et al. (1997) proposed a form of curvature based ductility index, based 
on the flexural rigidity of the element before and after the yielding of the internal 
steel-reinforcement has taken place:
M-Mu, = \ + —— —- 2.3
Where Mu is the moment in the element at ultimate limit state, My is the 
corresponding moment at the point of yielding of the internal steel reinforcement 
and^ is the ratio of the element's flexural rigidity after and before yielding of the 
steel reinforcement, as derived using the following equation and with reference 
to Figure 2.1:
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(El),
2.4
Where (EI)\ is the flexural rigidity of the element before the yielding of the 
internal steel reinforcement and (EI)i is the flexural rigidity following the 






Curvature ( ~j: )
Figure 2.1 - Flexural rigidity from Moment curvature relationship
2.2.3 Tann:
In his PhD thesis, Tann (2001) proposed a new definition of the ductility of 
strengthened elements; namely, the "deformability index". Due to the primarily 
elastic nature of FRP composites, Tann identified that the more "traditional" 
methods of ductility determination could lead to a dangerous situation whereby 
an element could be classified as being sufficiently ductile to promote a mild 
failure mode, whereas, in reality, the element would be susceptible to "brittle" or 
catastrophic failure.
Subsequently, Tann suggested that a more appropriate approach would be to use 
the deformation at the serviceability load (A s ) in place of that at the steel
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reinforcement yield point, together with the corresponding deformation at 95% 
of the ultimate load. This was termed the 'deformability index' and is shown in 
Equation 2.5:
0-95 Pu
The use of the 95% Pu was recommended as it had been shown that the load rate 
and general configuration of the testing system being used could affect the 
ductility index and result in a figure between four and five times higher than that 
of the same element at 95% of its failure loading. Consequently, Tann found that 
the element deformation at 95% was more representative.
In conclusion, Tann recommended that the traditional deformation-based 
methods of ductility calculation were not suited in the analysis of FRP 
strengthened sections and, consequently, only energy-based methods should be 
utilised when dealing with such elements. Energy-based index calculation is 
discussed in Section 2.3.
Tann (2005) further investigated the ductility and deformability of RC elements, 
in particular RC slabs, and determined that the ductility of such elements can be 
suitably determined by the use of an energy-based method of ductility 
determination. He recommended that for FRP strengthened slabs, a minimum 
ductility index of around 1.4 should be used for practical design purposes.
For all the above methods, an important deformation point to ascertain is the 
steel reinforcement yield point. Due to the primarily elastic manner in which 
FRP strengthened elements perform, this cannot easily be identified, as 
illustrated in Figure 2.2. Consequently, it is apparent that the above, 
conventional deformation-based methods of calculating ductility indices may be 
considered inappropriate for FRP strengthened elements.
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(i) Normally-reinforced sections 
(ii) Strengthened sections 
Defined stages: 
A. Concrete cracking






Figure 2.2 - Typical load deflection of Conventional and Strengthened RC
beams
2.2.4 De Lorenzis et al:
De Lorenzis et al. (2004) promoted the use of a curvature-based ductility index, 
as shown in Equation 2.6
,. _ JCu
2.6
Where %y is the curvature of the element when the yielding of the internal steel 
reinforcement occurs, and^u is the curvature at ultimate loading.
This is the same form of ductility index as presented by Spadea et al. (1998), 
which was covered in Section 2.2.1.
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2.3 Energy-Based Methods
2.3.1 Bencardino et al:
Bencardino et al. (2002) defined energy-based ductility as normally calculated 
using the element energy at ultimate load, Eu, and the corresponding element 
energy at the load where the internal steel yields, Ey . This is presented in 
equation 2.7.
//.=    2.7
where E-a is the area under the Load/Deflection curve at failure and Ey is the area 
under the Load/Deflection curve at the steel reinforcement yield point.
However, this approach has similar limitations to the deformation methods; 
namely, the difficulty in ascertaining the exact position of the point where the 
internal steel reinforcement yields.
2.3.2 Swamye/a/:
Swamy et al. (1997) suggested an approach for an energy-based method, where 
the total energy under the load-deflection curve of an element is divided by the 
energy at 75% of the ultimate load:
0.75 Pu
To determine the amount of energy, one needs to integrate the area under the 
load-deflection curve at the respective points.
This approach, a variant of the deformation-based approaches, whilst a
reasonable attempt to remove the sometimes misleading ductility indices
generated when considering the element behaviour at ultimate limit state, does
have certain problems in that the selection of 0.75PU is a somewhat subjective
choice.
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2.3.3 Naamane/a/.:
If we consider the idealised load-deflection relationship of a structural element, 
where the area under the curve at ultimate limit state is £tot, the total energy, and 
the area under the unloading curve immediately prior to failure is Ee\, the stored, 
elastic energy, shown in Figure 2.3.
From this, the following can be calculated:
2.9
2.10
Where Ay is the mid-span deflection at the point of yielding of the internal steel 
reinforcement, Au is the mid-span deflection at ultimate limit state and Pu is the 
ultimate load.
If the total energy is now divided by the elastic stored energy the following 
ensues:
E* I (A P\ A >
Substituting the traditional deformation-based ductility equation (Equation 2.1) 
into Eqn. 2.11:
^ = 2cp-\
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'tot
Maximum mid-span deflection, A 
Figure 2.3 - Idealised load deflection behaviour
Naaman and Jeong first developed this energy-based method for determining the 
ductility index of a structural element that had been internally reinforced with 
FRP tendons (Naaman et al., 1995). The method was first published in 1995 but 
there are obvious practical difficulties in identifying the stored elastic energy in a 
structural element. Consequently, Naaman and Jeong suggested that the stored 
elastic energy could be estimated using an equivalent triangle area under the 
load-deflection curve. Once this has been calculated, the ductility index can be 
calculated using Equation 2.13, with the slope of the estimated unloading line 




where Etot is the total energy, calculated as the area under the load-deflection 
curve up to the failure load and Ee i is the estimated, stored elastic energy.
P] S l +(P2 -Pl )S2 2.14
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Equivalent elastic 
stored energy, Ecl
4 6 8 10 12 
Maximum mid-span deflection (mm)
14 16
Figure 2.4 - Calculation of equivalent elastic stored energy
The method utilises the two initial loading slopes (Si and 82) together with the 
corresponding values of load (Pi and ?2) to define a weighted slope 'S', which 
characterises the equivalent unloading response at failure. Consequently, the 
area under this unloading line can be calculated to give the estimated, stored 
elastic energy in the region of the structural element being considered.
This empirical approach, although somewhat subjective, particularly in relation 
to the choice of slopes Si and 82, is seen to produce reasonable results. It was 
primarily developed for elements where there is internally embedded FRP as 
reinforcement but, nevertheless, the principles can also be applied to members 
strengthened by externally-bonded FRP.
However, in cases of CFRP-strengthened elements, where the ultimate failure 
load is significantly higher than the load ?2, the use of Equation 2.14 
underestimates the stored elastic energy. Consequently, it is the candidate's 
suggestion that a modification to the approach to take into account the inherent 
stored clastic energy present in strengthened elements up to and including failure 
would be advantageous. This would then provide a far more reliable indicator of
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the inherent ductility of elements strengthened by fibre reinforced polymers. 
This consideration is explored further in Chapter 7.
2.3.4 Oehlers:
In 2006, Oehlers presented a paper discussing the problems of ensuring ductility 
in FRP plated RC beams, due to the nature of FRP plates to fracture and/or 
debond before the concrete in the compressive zone reaches its failure strain, sc, 
and crushes.
Oehlers concluded that, when compared with normally-reinforced RC members, 
the ductility of plated elements is far more complex and results in at least two 
further failure mechanisms; i.e. plate debonding and plate fracture. Other 
sources (Tann 2001; Andreou 2002) and also the candidate's MPhil research, 
have concurred that this is the case but moreover showed that there could be 
another failure mechanism where failure of the element is due to tearing-off of 
the concrete cover, i.e. where the cover to the internal steel reinforcement 
remains adhered to the FRP plate and, at failure, is ripped away from the soffit of 
the element.
2.3.5 Matthys et ah
Matthys et al. (2006) evaluated the current requirements for ductility in design 
guidelines for FRP strengthening and summarised that the design guidelines 
generally address ductility by means of a strain level criterion and do not 
consider energy dissipation requirements. Additionally, the authors suggested 
that the ductility index of elements strengthened in bending with FRP would 
decrease as the amount of applied FRP increases. Andreou (2002) confirmed 
this to be the case and also the candidate's MPhil Transfer Report concurred.
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Finally, the authors also advised that a minimum curvature ductility index of 1.5 
to 2.0 should be obtained, assuming that the design is not governed by bond 
failure.
2.4 Classification of failure identification in FRP-composites- 
strengthened elements
Failure modes in FRP-composites-strengthened RC elements tend to be one of 
four main types, namely FRP fracture, delamination of the FRP sheet/plate, 
tearing-off of the concrete cover or compressive failure of the concrete. The 
candidate's own research confirms this, indicating that the higher the level of 
FRP strengthening (i.e. the higher the amount of FRP as a percentage of the 
element cross-sectional area) then the more sudden and brittle the failure of the 
element and can also be seen in the experimental results presented in Chapter 4.
2.4.1 Meier et al:
Meier et al. (1992) recommended that in order to ensure a more ductile failure 
mode in strengthened elements, the external FRP layer should fail in tension after 
the yielding of the internal steel-reinforcement but before the concrete fails in 
compression (which would obviously result in a sudden failure). This would not 
only concur with the candidate's previous research but also with other, published 
sources (Arduini et al., 1997; Tann, 2001; Andreou, 2001).
2.4.2 Chajes et al.:
Chajes et al. (1995 & 1998) found that the failure mode of a strengthened 
element depended on the type of composite used - the elements strengthened 
with glass and carbon composites failed by rupture of the fibres, whereas the 
aramid-strengmened beam resulted in a debonding failure and so all subsequent 
layers of aramid were anchored using end-tabs. The authors felt that failure
Davies et a/., 2007
P. Davies - PhD Thesis, 2010 23
Chapter 2 __________________________________ Literature Review
occurred with a reasonable amount of ductility, although it was half that of the 
unstrengthened elements.
2.4.3 Hutchinson etal.:
Hutchinson et al. (1996) carried out an experimental programme on a series of 
RC beams with varying levels of internal steel reinforcement, which had been 
strengthened with either glass or carbon FRPs. They found that in beams with a 
low level of internal steel reinforcement, the flexural strength enhancement was 
considerable but resulted in a marked decrease in ductility. This is partially in 
agreement with the findings from the candidate's initial MPhil work; however, it 
has also been shown that there is a level of strengthening at which the increase in 
load-carrying capacity starts to decrease and the benefits of the FRP laminates 
are lost, due to over-strengthening of the element.
2.4.4 Shahawye/o/.:
Shahawy et al. (1996) carried out an experimental programme on four RC 
beams, strengthening three of them with one, two and three layers of CFRP 
respectively. They summarised that all the strengthened beams failed due to 
crushing of the concrete but this is likely due to the higher level of internal steel 
reinforcement (2 x 013mm bars) resulting in over-strengthening of the elements. 
Additionally, the following points were made:
  Deflections for the strengthened beams were significantly lower than that 
for the control beam, which is to be expected due to the increased 
stiffness of strengthened elements;
  The strengthened beams exhibited closely spaced crack patterns, 
compared to the widely spaced cracking observed in the control beam, 
which is confirmed by the candidate's own research;
  Strains in the concrete and CFRP laminate reduce with increasing 
numbers of FRP laminates. This is to be expected due to the increase in 
element stiffness and corresponding reduction in deformations.
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2.4.5 Takedaetal.:
Takeda et al. (1996) carried out an experimental investigation into the flexural 
behaviour of beams strengthened with CFRP sheets. They used varying amounts 
of FRP and also both three- and four-point loading. They concluded that the 
effect of the strengthening was considerable when considering the flexural 
rigidity of the element after crack initiation and that the reinforcing effect of the 
sheet was reduced as the number of sheets increased, due to sheet separation. 
The candidate's own work would agree with the statement that the benefit of the 
strengthening can be reduced as more FRP is added (which excessively increases 
the stiffness of the element) and that the reason would appear to be due to 
delamination but could also be due to tearing-off of the concrete cover.
2.4.6 Arduini et al.:
Arduini et al. (1997) suggested that the failure mode of any given element 
depends on whether it is effectively strengthened or not. The following failure 
modes have been reported:
  Concrete crushing long after yielding of the internal steel.
  Brittle concrete shear failure initiated by a crack starting at the end of the 
plates and propagating along the concrete cover parallel to the 
longitudinal steel reinforcing bars.
  FRP sheet rupture.
  Debonding of FRP sheet
2.4.7 Tegola e7 al.:
Tegola et al. (1998) suggested that any failure of FRP strengthened elements is 
heavily dependent on the interface properties; i.e. that the interfacial stress 
between the FRP and the concrete substrate results in shear failure of the 
adhesive layer and, consequently, a delamination of the FRP layer(s). The 
candidate's MPhil work suggested that, subject to correct preparation of the
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concrete substrate and careful control of the adhesive being used, delamination 
failure could be avoided, particularly when using FRP sheets, unless 
unacceptably high deformations were present at the latter stages of loading.
2.4.8 Tumialan et al.:
Tumialan et al. (1999) carried out an experimental programme to further 
examine the tearing-off of concrete cover mode of failure. Various strengthening 
configurations were used, including varying the width and number of FRP layers, 
and using u-wrapping for anchorage. It was found that the primary mode of 
failure was due to tearing-off of the concrete cover and was of two forms; firstly, 
tearing-off of the concrete cover from the end of the sheet and, secondly, tearing- 
off initiating at an intermediate crack. This concurs with the candidate's own 
experience from his MPhil research, but concrete cover tearing-off mainly occurs 
where there is a large amount of FRP strengthening, which causes the element to 
become significantly stiffer, resulting in high stress concentrations at the ends of 
the FRP. The candidate also found that tearing-off failures that initiated at the 
ends of the FRP were due to the initiation of a shear crack at the end of the 
sheet/plate, which then enlarged and caused a horizontal crack to propagate along 
the level of the internal steel reinforcement, joining other shear cracks together.
2.4.9 Ramanaef a/.:
In an experimental and analytical study, Ramana et al. (2000) concluded that the 
first crack ultimate moment of strengthened elements were significantly higher 
than that of the control element indicating the "reinforcing effect of the CFRPC 
laminate". However, it is likely that it is the stiffening effect of the laminate, 
resulting in reduced deformations and, hence, reduced strains, that resulted in the 
higher values of moment when the first cracks were observed.
Additionally, they noted that as the amount of strengthening increased, the 
laminate and concrete strains reduced, which is to be expected due to the stiffer
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nature of strengthened elements, resulting in reduced deformations and 
curvatures.
2.4.10 Andreou et al:.
Andreou et al. (2000) determined that externally strengthened beams have an 
increase in the ultimate load capacity, the number of FRP layers influence the 
overall performance of the system, including the failure mode of the specimen 
and the optimum amount of FRP reinforcement, which provides maximum 
strengthening effect, must be established for each FRP system, depending on its 
thickness and mechanical properties.
2.4.11 Tannetal.:
Tann et al. (2000) recommended that the failure modes of strengthened elements 
at the ultimate limit state should be ductile, thereby providing adequate warning 
of impending failure. They suggested that the ductility of an FRP-strengthened 
element be defined as the ability of the element to withstand further deformation 
between the serviceability and ultimate limit states.
2.4.12 Leung:
Leung (2002) carried out an experimental study on ten RC beams with varying 
amounts of GRFP strengthening and concluded that the application of external 
strengthening on structurally deficient beams may alter their failure mode, which 
agrees with the candidate's own findings.
2.4.13 Sheikh:
Sheikh (2002) considered the performance of concrete structures that had been 
retro-fitted with FRPs. He concluded that the procedure provided a feasible 
rehabilitation technique, not only for repair but also for strengthening,
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particularly with reference to improving the flexural strength of RC slabs. 
Additionally, he stated that both carbon and glass composites provided 
significant strength enhancement of approximately 150%. However, the 
candidate's initial MPhil research into slab strengthening revealed a potential 
strength enhancement of 190% and Tann (2005) recorded an enhancement of 
265%.
2.4.14 Arduini et al:
Arduini et al. (2004) conducted experimental research on 26 one-way spanning 
RC slabs and determined that the classical assumption of plane sections 
remaining plane after loading was valid for strengthened elements, which agrees 
with the candidate's own finding during his MPhil work.
2.4.15 De Lorenzis et al:
De Lorenzis et al. (2004) carried out a parametric study on RC elements that had 
been strengthened with FRPs and concluded not only that such strengthening 
systems provide significant strength enhancement but also that this enhancement 
is more significant as (a) the existing amount of internal reinforcing steel 
decreases, (b) the amount of FRP provided increases and (c) the stiffness of the 
FRP increases. This would concur with the findings of the experimental work 
carried out as part of the candidate's MPhil research.
2.4.16 Maalej et al:
Maalej et al. (2005) carried out an experimental programme on beams 
strengthened with CFRP sheets and concluded that the beam size does not 
significantly influence the deflection and energy ductility index of CFRP 
strengthened elements.
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2.4.17 Tann:
In Tann's (2005) further investigations into strengthened RC slabs he stated that 
the level of strength enhancement increases until the total equivalent steel ratio 
reaches approximately 0.9%, where the full capacity of the concrete is reached 
and there was a five-fold increase in the load-carrying capacity of the slab. 
Where the total equivalent steel ratios exceeded 1%, Tann observed that 
premature debonding of the FRP plates occurred, although the reduced bonding 
area of plates, the plate thickness and defects on the bond layer could all have 
contributed to this. He concluded that all slabs with a total equivalent steel ratio 
of less than 0.9% resulted in a failure mode that could be considered acceptably 
ductile; i.e. there was no sudden or unexpected collapse at the ultimate limit 
state.
2.4.18 Oehlersetal:
Oehlers et al. (2006) identified the problems encountered in the last forty years 
of quantifying ductility in unplated, normally-reinforced structures, and that the 
issue of ductility in plated elements is that much more complex, with additional 
failure modes to consider. Nevertheless, it was found that plated beams can 
behave in a suitably ductile manner.
2.4.19 Esfahani et al:
Esfahani et al. (2007) made the observation that the flexural strength and 
stiffness of strengthened beams increased when compared to the control 
elements. This is as expected and has been confirmed by others as well as by the 
candidate in his MPhil experimental work.
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2.4.20 Oehlers et al:
Oehlers et al. (2008) highlighted the need for sufficient rotational capacity in 
structural members. It was noted that this is a much more complex problem in 
FRP-plated elements but is nevertheless necessary, in order that a fundamental 
change in existing design procedures is not required.
2.5 Summary and overview
Summarised in Table 2.1 are the main published techniques by which the 
ductility and/or deformability index can be calculated, utilising both 
deformation- and energy-based methods. It can be seen from the review that:
1) The standard methods for determining ductility are unsuited to FRP- 
strengthened elements, as they rely heavily on the determination of the 
point at which the internal steel reinforcement yields, which can be 
problematic due to the primarily elastic way in which FRP-strengthened 
elements deform.
2) The energy-based indices have advantages over the more traditional 
methods but still rely on the determination of the stored elastic energy in 
any strengthened element at failure, which can be difficult to predict.
3) Any method of calculating the ductility index for an element that relies on 
reductions in the values of any variable can be somewhat subjective.
4) The method proposed by Naaman and Jeong (1995) provides a means of 
estimating the elastic stored energy and, hence, determining a ductility 
index for an element. However, the method was developed for use with 
beams that have been reinforced with pre-stressed FRP tendons and so
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may not be wholly appropriate for use with externally strengthened 
beams and slabs.
In Table 2.2, a summary can be found of the main points and conclusions drawn 
by the authors reviewed in this chapter, which can be detailed further as shown 
below:
1) Many researchers have found that brittle or catastrophic failure modes 
can be a consequence from FRP strengthening of RC elements; e.g. 
plate/sheet debonding, tearing-off of concrete cover, etc. This results in 
under-utilization of the whole element. This can be addressed by the use 
of an optimum amount of FRP being used, resulting in a more ductile 
failure mode and, hence, full utilization of the mechanical properties of 
the structural system.
2) The problem of the reduction in deflections/curvatures and, hence, 
ductility of strengthened elements is directly linked to the premature 
failure modes detailed in Point (1) above.
3) There is general agreement that when properly designed, FRP 
strengthening systems can be controlled to produce the desirable pseudo- 
ductile failure modes but there is a need for universal agreement as to 
how best to determine structural ductility for FRP-strengthened elements.






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Chapter 3 Experimental Programme
CHAPTER 3 EXPERIMENTAL PROGRAMME
3.1 Overview
In the experimental programme, twenty simply supported beams and nine simply 
supported slabs were cast and tested to failure, in the Structural Laboratory of the 
University of Glamorgan.
The various reinforcement and strengthening configurations are detailed in Table 3.1. 
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3.2 Element layout and loading configuration
3.2.1 Beams
All tested beams were 2600mm long, with an effective span of 2400mm. The element 
cross section was 100 mm wide by 200 mm deep, see Figure 3.1. Two high-yield bars 
were used as tension reinforcement (fy = 573 N/mm2), providing four sets of beams with 
two 8mm, 12mm, 10mm or 16mm diameter bars as tension reinforcement, respectively. 
The shear links provided were 6 mm diameter at 100mm centres, placed in the shear 
spans. For four supplementary elements, two 12mm diameter bars were provided as 
compression reinforcement in addition to two 12mm diameter tension reinforcement 
bars.
Timber moulds were oiled and checked for width, cleanliness, etc., prior to the 
reinforcement cages being placed inside, with plastic spacers used to ensure a nominal 
cover of 15mm. The reinforcement configuration can be seen in Figure 3.1.
CFRP sheets were used to strengthen three of the beams in each set; one with 1 layer, 
one with 2 layers and one with 3 layers, referenced 10CF1, 10CF2 and 10CF3 
respectively, with the control beam referenced 10CON. The sheets were 2.20m long, 
allowing a 100mm gap between the edge of the sheet and the support, and were 100mm 
wide.
A four-point loading configuration was used, with the two point loads situated at 
625mm either side of the mid-span, resulting in a 'Constant Moment Zone' 1250mm 
wide. The load was applied at a rate of 0.125 kN/sec during all tests; the loading 
configuration can be seen in Figure 3.2.
P. Davies-PhD Thesis, 2010 36
Chapter 3 Experimental Programme










Applied load from y' i 
hydraulic jack 1 2T12 bars fore cmcnts with 
v /compression re nforcement
A| Spreader | / 
beam | /
r^ i / r^
T R 7 ! n
X /> c )
\R6@100 2TB.2T10. ')S/ 




___ _^ SbCIIONA-A        - Note:
No shear reinforcement was 
d=175, 174, 173 or 171mm provided in the Constant 
for 8mm, 10mm, 12mm and Moment Zone
16mm reinforcement respectively
, 100mm
Figure 3.1 - Beam dimensions and internal reinforcement arrangement
3.2.2 Slabs
All slabs were 3000mm long with an effective span of 2900mm. The cross section was 
500mm wide by 100mm deep, see Figure 3.3, and four high-yield (8mm or 12mm 
diameter) bars were used as tension reinforcement, while 8mm diameter high-yield bars 
at 150mm centres were used as distribution steel, in line with the requirements of BS 
8110, Cl. 3.12.5.1 (a minimum percentage of steel in either direction of 0.13%). 
Timber moulds were oiled and checked for width, cleanliness, etc., prior to the 
reinforcement cages being inserted, with plastic spacers used to ensure a nominal cover 
of 15mm. The reinforcement configuration can be seen in Figure 3.4.
Two Carbon Fibre Reinforced Polymer (CFRP) sheets were used to strengthen one of 
the slabs, referenced 8SCF2 or 12SCF2, with 2700mm long sheets being applied over 
the whole 500mm width of the slab; i.e. with the end of the sheet 150mm from the end 
of the slab and, as with the beams, 100mm from the support. For the remaining two
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strengthened slabs in each set, referenced 8/12SCP2 or 8/12SCP3, one and two CFRP 
plates respectively, 120mm wide and 2700mm long, were applied to the tension faces of 
the slabs. Details of the strengthened slabs and CFRP sheet and plate dimensions can 
























Figure 3.2 - Beam loading configuration
20T8at 150 centres T8orT12at 
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Figure 3.3 - Slab dimensions and steel reinforcement arrangement
(Dimensions in mm)
As with the beams, a four-point load configuration was used, with the two point loads 
situated at 500mm either side of the mid-span, giving a 1000mm wide 'Constant
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Moment Zone'. Again, the load was applied at a rate of 0.125 kN/sec during all tests 
















Figure 3.4 - Slab loading configuration
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Figure 3.5 - CFRP sheet and plate configuration and dimensions for strengthened slabs 
with FRP at tension face (soffit)
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3.3 Material Properties
3.3.1 Concrete
All concrete batches were produced using the same mix design; the proportions of 
water, cement, sand and aggregate were 0.5 : 1.0 : 2.0 : 3.0. The cement was Ordinary 
Portland Cement, with a minimum cement content of 350 kg/m3 . In addition, natural 
fine sand was used and the coarse aggregate had a nominal size of 10mm.
The beams were cast in pairs and during casting six 100mm cubes and two 0150mm 
cylinders (300mm long) were made. The cube strengths and elastic moduli (calculated 
from cylinder tests) are shown in Table 3.2(a). The slabs were cast singly for each 
element cast, three 100mm cubes and one 0150mm cylinder (300mm long) were made; 
the associated cube strengths and elastic moduli are presented in Table 3.2(b). The 
elastic modulus, Ec , was obtained using the procedure set out in BS 1881-121: 1983.
3.3.2 Steel reinforcement
The main tensile steel reinforcement used was high-yield bars with a characteristic 
strength stated by the supplier of 460 N/mm2 . Confirmatory tests were carried out in 
the Structural Laboratory of the University of Glamorgan, to determine the actual yield 
and ultimate strength value of the material.
Sample specimens of reinforcing bars were selected for testing and the specimens were 
cut into 250mm lengths and loaded to failure in a JJ Model M30-K universal tensile 
testing apparatus, at a rate of Imm/min (see Figure 3.7).
As the bars were ribbed it was difficult to determine the cross-sectional area for the 
specimens. Hence, a method was developed in which a sample that had been machined 
to a known diameter (5.00mm) and length (27.5mm) was weighed in order to determine 
the density in g/mm3 . Accordingly, a specimen with a set length (100mm) could also be 
weighed and, using the calculated density, an average cross-sectional area could be 
established. The method is illustrated in Figure 3.6.
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Figure 3.6 - Steel reinforcement specimens for cross-sectional determination
Machined sample:
Length, Lm = 27.5mm and Diameter, 0m = 5.0mm 
=> Volume, vm = 541.9mm3
Mass of sample, mm = 4.25g
=> Density of sample, pm = mm/ vm
=> pm -4.25/541.9
= 7.84x 10'3 g/mm3
Reinforcement specimen:
Length, Ls = 100.0 mm and mass, ms = 35.1g





=> Average cross-sectional area = 44.8 mm2 
=> Equivalent diameter, 0=7.6mm
Consequently, as can be seen in Table 3.3, the resultant ultimate tensile strength of the 
reinforcement was 640.1 N/mm2 , with a corresponding yield stress of 573 N/mm2 . The 
stress/strain curves up to yield are presented in Figure 3.8.
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Note- Values marked * have been discounted due to observed poor compaction of the cube 
specimens
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Note - Values marked * have been discounted due to observed poor compaction of the cube 
specimens
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Figure 3.8 - Stress/strain graph for reinforcement specimens, up to yield
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3.3.3 Carbon Fibre Reinforced Polymer (CFRP) Composites
Two types of CFRP composites were used. Firstly, the CFRP sheet was Selfix 
Carbofibe Wrapping System Type C, manufactured by Exchem Mining and 
Construction. The system is a carbon fibre, uni-directional sheet, specifically designed 
for structural strengthening.
Tests were carried out to determine the actual strength of the composite material used in 
the experimental programme. The composite sheet was cut into 250mm lengths, 15mm 
wide and of a single, 0.145mm thick layer, and laminated in accordance with the 
manufacturer's specifications using Selfix Carbofibe Laminating Resin. The cured 
samples were then loaded to failure in a tensile testing apparatus (see Figure 3.9).
The results of the tests are presented in Table 3.4 and the actual failed specimens are 
shown in Figure 3.10.
Secondly, Selfix Carbofibe Pultruded CFRP Plates were used. The plate cross-sectional 
dimensions were 120mm x 1.4mm. The system is a uni-directional, carbon fibre 
laminate with a minimum fibre content of 68%, and, as with the CFRP sheets, is 
specifically designed for strengthening of structural members by providing resistance 
against tensile forces.







































Again, tests were carried out in the Structural Laboratory of the University of 
Glamorgan, to determine the actual strength value of the composite material used in the
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experimental programme. Three samples, 250mm long and 15mm wide, were cut from 
the plate and then loaded to failure in an Instron 8502 tensile testing apparatus (Figure 
3.9).
The results of the tests are presented in Table 3.5 and the actual failed specimens can be 
seen in Figure 3.11.
Figure 3.9 - Instron 8502 CFRP tensile test apparatus
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CFRP Sheet Samples 
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Figure 3.10 - Tested CFRP sheet specimens
CFKP Plate Samples 
Exchem Carbofibe Pultruded CFRP Plates
Figure 3.11 - Tested CFRP plate specimens 
3.3.4 Adhesive systems
(a) CFRP sheet primer and adhesive
The primer and adhesive used for bonding of the CRFP sheets were Selfix Carbofibe 
Primer and Selfix Carbofibe Laminating Resin respectively.
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The primer is a solvent-free, two-part epoxy material, developed in conjunction with the 
laminating resin and CFRP sheet. The two-part system comprises a resin component 
and a hardener component, mixed in a ratio of 100:47 respectively. Once mixed, the 
material has a recommended pot-life of 60 minutes, although experience suggests that 
no more than can be used in a 20 minute period be mixed at any one time.
The laminating resin consists of a liquid epoxy resin and liquid hardener and has been 
formulated as a solvent-free, thixotropic to promote ease of mixing and maximum fibre 
impregnation. As with the primer, the system is two-part, with the resin:hardener mix 
ratio being 100:45. The recommended pot-life for the laminating resin is 20 minutes 
and use during experiments has shown this to be reasonable.
It is recommended by the manufacturer that, although the system would harden after an 
overnight cure, it is preferable to allow the adhesive to cure for several days (at 20 to 
25°C), in order that adequate mechanical properties can develop. In this experimental 
programme, all samples were allowed to cure for a minimum of seven days at an 
ambient temperature of approximately 20° to 22° C.
(b) CFRP plate adhesive
The adhesive used for bonding of the CRFP plates was Resifix 31. The system is a two- 
part, thixotropic epoxy adhesive, formulated specifically for plate bonding in 
accordance with Advice Note BA 30/94. As with the sheet adhesive, the system is two- 
part, with the resin:hardener mix ratio being 1:1. The manufacturer's recommendations 
state a pot-life of 20 minutes, however, experience in the use of the material indicates 
that this is an absolute maximum and it is suggested that between 10 and 15 minutes 
would be a more appropriate time.
It is recommended by the manufacturer that, as with the sheet adhesive, although the 
system would harden after an overnight cure, it is preferable to allow the system to cure 
for several days (at 20 to 25°C), in order that the system can develop adequate 
mechanical properties. In this experimental programme, all samples were allowed to
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cure for a minimum of seven days at an ambient temperature of approximately 20° to
22° C.
3.4 Instrumentation
A comprehensive instrumentation set-up was used during the experimental programme 
to monitor performance in various ways:
• Vertical deflection
• Concrete surface strains (using the DEMEC system)
• Fibre surface strains (using electronic strain gauges)
• Concrete compressive strain at mid-span (using electronic strain gauges)
• Crack development
3.4.1 Vertical deflection
Vertical deflections were recorded using Linear Variable Displacement Transducers 
(LVDT). The layout of the LVDTs is shown in Figures 3.12 and 3.13, for the beams 
and slabs respectively.
3.4.2 Concrete surface strains
Concrete surface strains were measured using the DEMEC (DEmountable MEChanical 
strain gauge) system; three columns of six rows of discs were mounted on each face of 
the beam, located centrally, with an initial spacing of 200mm as shown in Figure 3.14. 
A digital DEMEC gauge reader was used and the information downloaded and recorded 
directly into a laptop computer. The gauge constant was 0.403 x 10"6 .
For the slabs, three columns of four rows were mounted on each face, with an initial 
spacing of 200mm, as detailed in Figure 3.15.
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Figure 3.13 - Layout of Linear Variable Displacement Transducers (LVDTs) for slabs
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Note: Measurement zones on reverse side of beam were labelled A', B' and C', 
corresponding to A, B, and C.
Figure 3.14 - Layout of DEMEC strain gauges for beams (with magnified view
showing measurements)
Note: Measurement zones on reverse side of slab were labelled A', B' and C', 
corresponding to A, B, and C.
Figure 3.15 - Layout of DEMEC strain gauges for slabs (with magnified view showing
measurements)
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3.5 Strengthening procedure
3.5.1 Beam strengthening
The beams to be strengthened were placed upside-down in order to facilitate easier 
placing of the CFRP sheets, and the surface was brushed with a mechanical wire brush 
to expose the aggregate and provide a sound bonding surface. The beam was then 
cleaned of debris and dust using an industrial vacuum-cleaner before the primer was 
applied. The primed beams were allowed to cure overnight, although it is important to 
laminate within 24 hours, in accordance with the manufacturers specifications, to negate 
the need for further preparation.
The CFRP sheets were then cut to length and width (1100mm long x 100 mm wide) and 
the laminating adhesive was mixed, by hand, and applied to the beam surface. The 
procedure for applying layers of CFRP sheets is as follows:
i. Apply laminating adhesive to beam surface
ii. Place CFRP sheet on beam surface
iii. Apply laminating resin to CFRP sheet
iv. Lift CFRP sheet off beam, turn through 180° and replace
v. Apply laminating resin to second side of CFRP sheet
vi. Repeat steps (ii) to (v) for further layers
Table 3.1 details the number of layers bonded to each beam. If applying two or three 
layers, when turning the sheets to apply adhesive to the second side it is essential to 
ensure that the previous sheet does not lift off, causing voids to occur, as this could 
significantly affect the performance of the system.
After no fewer than six days, when the adhesive was judged to have cured sufficiently, 
linear electronic strain gauges were applied to the surface of the CFRP, in the 
configuration shown in Figure 3.16, which also illustrates the length of the CFRP sheet.
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Figure 3.16 - Soffit view of strengthened beam showing CFRP layout and positions of 
linear electronic strain gauges (all dimensions in mm)
3.5.2 Slab strengthening
As with the beams, the slabs to be strengthened were placed upside-down in order to 
facilitate easier placement of the CFRP sheets and plates. The slab surface was 
roughened with a wire brush and was then cleaned of debris and dust using an industrial 
vacuum-cleaner.
The CFRP sheets or plates were then cut to length (2700mm). As the CFRP sheet was 
supplied in a roll 300mm wide, for each layer a full width length was cut together with a 
200mm wide length to provide enough material to cover the slab surface of 500mm.
For the sheets, the laminating adhesive was then mixed, by hand, and applied to the slab 
surface. The procedure for applying layers of CFRP sheets is as detailed for the beams 
in Section 3.5.1.
For the plates, the adhesive was mixed, using a mechanical mixer, applied to the slab 
surface to a thickness of approximately 1mm and also to the surface of the plate, to a 
similar thickness. This ensured that when the plate was adhered to the slab, there would 
be an adhesive thickness of 2mm, in line with the manufacturer's guidelines and also 
this method aids in the prevention of trapped air voids being formed between the plate 
and concrete.
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After no fewer than six days, when the adhesive had cured sufficiently, linear electronic 
strain gauges were applied to the surface of the CFRP sheets and plates, in the 
configuration shown in Figure 3.17.
2 layers of CFRP sheet
2 CFRP plates
10mm 280mm 280mm 280mm 250mm 250mm
3 CFRP plates
Note: All gauges on plates were located along the centreline of the plate.
Gauges on sheets were located along the centreline of the slab and along a line 
50mm in from the edge.
Figure 3.17 - Soffit view of strengthened slabs showing positions of linear electronic
strain gauges
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3.6 Testing of elements
All tests were carried out under load-controlled conditions for two reasons; firstly, the 
loading apparatus used is calibrated for load but not deflection and secondly, because 
the aim of the research is to provide designers with guidance on the ductility and 
deformability of strengthened elements and, accordingly, post-peak behaviour is not as 
important as the element behaviour under realistic loading conditions. Consequently, 
any post-peak behaviour was not available. Additionally, all tests were carried out with 
simple support conditions; this was in order that a definitive method could be 
determined for the calculation of ductility indices before more complex structures, such 
as continuous elements, could be analysed. The testing apparatus for beams and slabs 
can be seen in Figures 3.18 and 3.19 respectively.
The loading increments for the tests were as follows:
• 0 to lOkN Increments of IkN in order that strains and deflections
could be recorded accurately in the purely elastic stage
• 10to20kN Increments of 2.5kN
• 20kN to failure Increments of 5kN
However, for the control slab, 8SCON, which was expected to fail at a load of around 
15 to 20kN, load increments of IkN were used up to failure.
Additionally, if sufficient warning was given of impending failure, i.e. excessive strain 
readings or cracking, continuing deflection after attainment of loading step, etc., the 
load increments were reduced, sometimes to IkN, in order that the element behaviour at 
the final stages of loading approaching failure could be recorded.
Also, for the beams, unloading curves were obtained at 20kN and 50kN for all beams, 
with additional unloading curves obtained as the element approached failure. This 
information is expected to be invaluable when, at a later stage of the research, a method 
of approximation of stored elastic energy at failure is intended to be developed.
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At every load increment, the DEMEC readings were recorded, together with strain 
readings from the electronic gauges, and the beam was checked for cracking. Any 
visible cracks were highlighted with coloured markers, which made it easier, post- 
testing, to make a log of the crack numbers and lengths to enable an understanding of 
the development of cracking within any particular element. In Figure 3.19 is a picture 
of a typical section of marked cracks on a tested beam.
Figure 3.18- Loading set-up for testing of beam specimens
Figure 3.19 - Loading set-up for testing of slab specimens
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Figure 3.20 - Sample photograph of crack marking with coloured markers during
testing
3.7 Failure Modes
3.7.1 Beam Failure Modes
A summary of the beam test results, which includes the failure mode, is presented in 
Table 3.6.
3.7.1.1 0 8mm reinforced beams 
3.7.1.1.1 SCON
It can be seen in Figure 3.21 that the control beam, SCON, failed as expected for a non- 
strengthened, under-reinforced element; i.e. yielding of the internal reinforcing steel 
followed by crushing of the concrete in the compression zone, in a relatively mild 
manner at a load of 35.1 kN, with adequate warning via the element deflection that was 
being monitored during the experiment.
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3.7.1.1.2 8CF1
Element 8CF1 failed in a similar manner to the control beam (Figure 3.22), with a 
gradual but increasing displacement followed by a yielding of the internal steel 
reinforcement and a partial rupture of the CFRP (approximately 5% of the fibre width). 
Just prior to failure, which occurred at 58.0kN, the element emitted sounds that 
indicated the rupture of individual fibres (or small groups of fibres) was taking place.































































































































































Note: CC=Concrete crushing; SY-CC=Steel yield followed by concrete crushing; FR=Fibre 
rupture; DB=De-bonding of CFRP; PTO=Premature tearing-off of concrete cover; 
ECC=Explosive concrete crushing; PPD=Premature plate de-bonding.
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Figure 3.21 - Photograph of SCON after failure
Figure 3.22 - Photograph of 8CF1 after failure
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3.7.1.1.3 8CF2
As can be seen in Figure 3.23, beam 8CF2 failed due to debonding of the CFRP along 
half of the bonded length and a partial tearing-off of concrete cover where the 
debonding ended, at an ultimate load of 62.5 kN. The failure occurred with little 
obvious sign of impending collapse before the element failure took place.
3.7.1.1.4 8CF3
Beam 8CF3 failed at a load of 55.0 kN, due to partial debonding at the end of the CFRP, 
with a horizontal shear crack, originating close to the end of the FRP sheet, causing the 
initiation of a tearing-off of the concrete cover (Figure 3.24). The failure happened 
suddenly and without warning.
Figure 3.23 - Photograph of 8CF2 after failure
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Figure 3.24 - Photograph of 8CF3 after failure 
3.7.1.2 0 10mm reinforced beams
3.7.1.2.1 10CON
It can be seen in Figure 3.25 that the control beam, 10CON, failed normally at a load of 
56.5 kN, as expected for an under-reinforced, un-strengthened element; i.e. a 'mild' 
failure with yielding of the internal reinforcing steel followed by crushing of the 
concrete in the compression zone, and adequate warning of impending collapse.
3.7.1.2.2 10CF1
The beam strengthened with one layer of CFRP sheet, 10CF1, failed in a similar manner 
to the control beam, 1 OCON, with yielding of the internal reinforcement followed by 
rupture of the CFRP and a little crushing of the concrete in the compressive zone 
(Figure 3.26(a)), at an ultimate load of 62.6 kN.
The failure was fairly mild, with the fibre rupture initially only occurring near mid-span, 
over about 15-20% of the fibre width, as can be seen in Figure 3.26(b), when the
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loading apparatus 'trip-mechanism' was activated. The beam was reloaded but failed at 
60kN, due to the reduced fibre section.
Figure 3.25 - Photograph of 10CON after failure 
(Concrete crushing occurred just to the right of mid-span, circled)
Figure 3.26(a) - Photograph of 10CF1 after failure 
(Note the rupture CFRP hanging down near mid-span, circled)
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Figure 3.26(b) - Photograph of 10CF1 after initial failure, with 15 to 20% CFRP rupture
3.7.1.2.3 10CF2
10CF2, the beam strengthened with 2 layers of CFRP sheet, produced the highest gain 
in load-carrying capacity out of all those tested, failing at a load of 80.1 kN. However, 
the mode of failure was sudden, with partial de-bonding of the CFRP sheet and some 
tearing-off of concrete cover, illustrated in Figure 3.27. The only indication of 
imminent failure was a significant increase in the surface strains at 70kN. At 75kN, the 
beam started to emit sounds that suggested the rupture of individual (or small groups of) 
fibres or de-bonding of the CFRP. No further surface strains were taken but the 
deflections were consequently recorded every IkN to failure. The load-deflection plot 
(which will be detailed in Chapter 4) showed no noticeable escalation in the rate of 
deflection under additional load.
3.7.1.2.4 10CF3
10CF3, the three-layer strengthened beam, failed at 70.0 kN. The failure was sudden, 
with no noticeable acceleration in the increasing strains or deflections. The clement
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failed with premature tearing-off of concrete cover, as can be seen in Figure 3.28. The 
tearing-off failure mode is discussed in more detail in 4.10.
Figure 3.27 - Photograph of 10CF2 after failure
(Note the de-bonding of the first approximately 400mm of the CFRP sheet, circled on 
the beam, and the tearing-off of the concrete cover beyond mid-span)
Figure 3.28 - Photograph of 10CF3 after failure
(Note the tearing-off of the concrete cover along the first approximately 350mm of the
CFRP sheet, circled)
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3.7.1.3 0 12mm reinforced beams 
3.7.1.3.1 12CON
It can be seen in Figure 3.29 that 12CON, failed due to concrete crushing in the 
compression zone, which resulted in yielding of the internal steel reinforcement. 
Failure occurred at a load of 65.0 kN. The failure was mild and there was adequate 
warning of impending failure.
Figure 3.29 - Photograph of 12CON after failure
3.7.1.3.2 12CF1
Element 12CF1 failed at an ultimate load of 78.2 kN, due to compression of the 
concrete in the compression zone, which resulted in yielding of the internal steel
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reinforcement, as can be seen in Figure 3.30. The failure was not as mild as for the 
unstrengthened element but could not be described as "sudden".
Figure 3.30 - Photograph of 12CF1 after compressive failure of the concrete 
3.7.1.3.3 12CF2
Figure 3.31 illustrates the failure of element 12CF2, at a load of 85.0 kN, which was 
due to concrete crushing in the compression zone, followed by yielding of the internal 
steel reinforcement. The failure was more sudden than that for 12CF1, which is as to be 
expected for a higher-strengthened element.
3.7.1.3.4 12CF3
As with element 12CF2, failure of 12CF3 was caused by crushing of the concrete in the 
compressive zone (as can be seen in Figure 3.32) and then yielding of the internal steel 
reinforcement, at an ultimate load of 84.1 kN. The failure was relatively sudden and 
without warning.
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Figure 3.31 - Photograph of compressive concrete failure of 12CF2
Figure 3.32 - Photograph of compressive concrete failure of 12CF3
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3.7.1.4 0 16mm reinforced beams 
3.7.1.4.1 16CON
The control beam, 16CON, failed due to a crushing failure of the concrete in the 
compressive zone near mid-span, as can be seen in Figure 3.33, at an ultimate load of 
98.0 kN.
Figure 3.33 - Photograph of compressive concrete failure of 16CON 
3.7.1.4.2 16CF1
As can be seen in Figure 3.34, the beam strengthened with 1-layer of CFRP sheet failed 
with a sudden crushing failure of the concrete in the compressive zone. The maximum 
load was 96.0 kN. The CFRP fabric remained intact and there was no indication that 
the element was about to fail; i.e. neither a sudden acceleration in the vertical deflection 
nor excessive cracking.
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3.7.1.4.3 16CF2
The 2-layer beam also failed with a crushing failure of the concrete in the compressive 
zone, seen in Figure 3.35, at an ultimate load of 90.0 kN. Again the CFRP fabric 
remained intact and there was no indication that the element was about to fail from 
vertical deflection readings or excessive cracking.
Figure 3.34 - Photograph of concrete crushing failure of 16CF1
Figure 3.35 - Photograph of concrete crushing failure of 16CF2
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3.7.1.4.4 16CF3
As with the previous 16mm strengthened elements, the 3-layer beam failed with a 
crushing failure of the concrete in the compressive zone; the ultimate load was 101.2kN. 
However, the failure was not as explosive and comprised a horizontal crushing/shear- 
failure near the top of the beam along the whole length between the loading points. 
Figure 3.36 shows a section of the failure near one of the loading points. Again the 
CFRP fabric remained intact and there was no indication that the element was about to 
fail from vertical deflection readings or excessive cracking.
The most probable reason for the 'milder' failure mode for this and the unstrengthened 
element, 16CON, is the higher concrete strength; 51.4 N/mm for 16CON and 16CF3 
compared with 42.2 N/mm for 16CF1 and 16CF2.
Figure 3.36 - Photograph of horizontal crushing/shear failure of 16CF3 near loading
point
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3.7.1.5 0 12mm doubly-reinforced beams 
3.7.1.5.1 12DCON
The control beam, 12DCON, for the elements internally reinforced with two 12mm 
diameter, high-yield bars in both tension and compression, failed at a load of 70.0 kN, 
due to crushing of the concrete in the compression zone together with yielding of the 
internal tension steel reinforcement. The failure type was mild and gradual and is 
illustrated in Figure 3.37.
Figure 3.37 - Photograph of compressive concrete failure of 12DCON 
3.7.1.5.2 12DCF1
Element 12DCF1, the beam strengthened with one layer of externally-bonded CFRP 
sheet failed, at a load of 90.0 kN, due to debonding of the CFRP sheet, together with 
some areas of partial tearing-off of concrete cover, as illustrated in Figure 3.38. The 
failure occurred quite suddenly and without a great deal of warning.
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Figure 3.38 - Photograph of debonding and partial tearing-off of concrete cover failure
of 12DCF1
3.7.1.5.3 12DCF2
Element 12DCF2, the beam strengthened with two layers of externally-bonded CFRP 
sheet, failed at an ultimate load of 95.0 kN, due to partial debonding of the CFRP sheet, 
which developed into a tearing-off of the concrete cover at a location approximately 
halfway between the support and the loading point, as can be seen in Figure 3.39.
Again, the failure occurred suddenly and there was no warning of impending failure 
from the deflections of cracking patterns.
3.7.1.5.4 12DCF3
The beam strengthened with three layers of CFRP sheet, 12DCF3, failed due to tearing- 
off of the concrete cover at one end of the bonded sheet. The tearing-off failure 
initiated at the end of the sheet, along a shear crack that had become visible at the 
surface at a load of 70kN, and then propagated horizontally at the level of the internal 
tension steel reinforcement, as can be seen in Figure 3.40.
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Figure 3.39 - Photograph of failure of 12DCF2 due to debonding of the CFRP sheet and
tearing-off of the concrete cover
Figure 3.40 - Photograph of failure of 12DCF3 due to tearing-off of the concrete cover
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3.7.2 Slab Failure Modes
A summary of the slab test results, which includes the failure mode, is presented in 
Table 3.6.
3.7.2.1 0 8mm reinforced slabs 
3.7.2.1.1 8SCON
The failure mode for the control slab was as expected for a normally reinforced, un- 
strengthened section; i.e. the element failed with yielding of the internal steel 
reinforcement, followed by the formation of a large crack at the tension face and 
concrete crushing at the top of the slab. The failure occurred at a load of 16.0 kN. The 
failure can be seen in Figure 3.41.
Figure 3.41 - Photograph of normal failure of 8SCON, with steel yielding and concrete
crushing
3.7.2.1.2 8SCF2
It was noted, when loading 8SCF2, that the fabric started to emit sounds after 30kN had 
been applied. These noises, sounding like the failure of individual/groups of fibres,
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became progressively louder as the load was increased and the decision was made at 
40kN to reduce the load incrementally back to zero before reloading to failure. This 
was in order to obtain an unloading curve, as well as enabling the removal of the 
deflection transducers to minimise the risk of damage.
The slab was then reloaded up to 40kN and strain readings were taken together with a 
measurement of the height of the underside of the slab from the floor at the centre. This 
latter measurement could be compared with the reading taken at 40kN, which would tie- 
in with the transducer readings, to give a good indication of central deflection as the 
slab approached failure.
The slab was re-loaded at 5kN increments and it was noted that the noises were 
becoming more frequent, although not enough to suggest imminent failure. At 55kN 
the noises from the fabric became very noticeable and the slab failed at an applied load 
of 57.5kN, due to fabric rupture and tearing-off of the concrete cover on one side of the 
slab only, as can be seen in Figure 3.42.
Figure 3.42 - Photograph of 8SCF2 failure, with CFRP rupture and tearing-off of
concrete cover
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3.7.2.1.3 8SCP2
As with the two-layer CFRP sheet slab, 8SCF2, it was noted that the plates started to 
sound as though fibres were failing after about 40kN had been applied and the decision 
was made at 52.5 kN to reduce the load incrementally back to zero before reloading to 
failure.
Following unloading, the slab was then reloaded up to 55kN, before the loading was 
again incrementally applied, with the strains and deflections being taken as for 8SCF2, 
in 5kN increments. The sounds from the plates became very noticeable at 66kN and the 
slab failed at a slightly higher load of 68.5kN, due to sudden plate de-bonding, as can be 
seen in Figure 3.43.
Figure 3.43 - Photograph of 8SCP2 failure, due to premature debonding of the CFRP
plates
3.7.2.1.4 8SCP3
The plates on 8SCP3 started to emit sounds after about 30kN had been applied, which 
became progressively louder as the load increased to 60kN, when it was decided to 
reduce the load incrementally back to zero before reloading to failure.
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Upon reloading past 60kN, the noises in the plates immediately became very noticeable. 
Once the slab reached an applied load of 65kN, it was allowed time to settle before any 
readings were taken or increases in load applied. However, the slab failed suddenly by 
adhesive failure/de-bonding in the central plate before further readings could be taken 
(Figure 3.44). The appearance of the de-bonded plate suggested that the premature 
failure was due to air voids in the adhesive, as can be seen in Figures 3.45 and 3.46, 
which shows the adhesive left on the plate following failure and the associated 'opposite 
side of the void' section on the slab.
Upon closer inspection of the surface of the failed plate, it appears that there was, to 
some degree, a shear failure along the interface between the adhesive applied to the slab 
and that applied to the plate. Any inherent weakness due to poor application would 
have been exacerbated by the presence, in the adhesive, of air voids, which is likely to 
have caused the observed failure.
Figure 3.44 - Photograph of 8SCP3 failure; premature debonding of the central CFRP
plate
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Figure 3.45 - View of de-bonded central plate from 8SCP3 showing air-voids in
adhesive (Circled)
Figure 3.46 - View of central plate from 8SCP3 alongside failure surface of slab
P. Davies-PhD Thesis, 2010 78
Chapter 3 Experimental Programme
3.7.2.2 0 12mm Reinforced slabs
3.7.2.2.1 12SCON
The failure mode for the control slab was as expected for a normally reinforced, un- 
strengthened section; i.e. the element failed with yielding of the internal steel 
reinforcement, followed by the formation of a large crack at the tension face and 
concrete crushing at the top of the slab, at an ultimate load of 32.0 kN. The failure can 
be seen in Figure 3.47.
Figure 3.47 - View of concrete compression failure of 12SCON slab 
3.7.2.2.2 12SCF2
The failure for the 12SCF2 was due to yielding of the internal steel reinforcement and 
rupture of the fibre, followed by crushing of the concrete in the compression zone, at a 
load of 68.0 kN. The failure mode is illustrated in Figure 3.48.
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Figure 3.48 - View of fibre rupture failure of 12SCF2 slab 
3.7.2.2.3 12SCF4
Element 12SCF4, which had four externally-bonded, full-width layers of CFRP, failed 
due to crushing of the concrete in the compression zone at mid-span, at a load of 
77.0kN, and this can be seen in Figure 3.49.
Figure 3.49 - View of compressive concrete failure of 12SCF4 slab
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3.7.2.2.4 12SCP2
The failure of 12SCP2, the element with two CFRP plates bonded to the soffit, was due 
to unexpected and rapid delamination of one of the plates, which resulted in a small 
amount of tearing-off of the concrete surface, as can be seen in Figure 3.50. The failure 
occurred suddenly and without any warning, either audible or observed, at an ultimate 
loadof75.0kN.
Figure 3.50 - View of debonding failure of 12SCP2 slab
3.7.2.2.5 12SCP3
Slab 12SCP3, which had three CFRP plates bonded to the soffit surface, failed due to 
sudden delamination of the central plate, which resulted in a small amount of tearing-off 
of the concrete surface, at a load of 92.5 kN. This is illustrated in Figure 3.51.
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Figure 3.51 - View of debonding failure of central plate of 12SCP3 slab
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CHAPTER 4 ANALYSIS OF EXPERIMENTAL RESULTS 
AND ELEMENT BEHAVIOUR
4.1 Introduction
All elements tested in the experimental programme were instrumented to ensure 
the accurate recording of average surface strains on both faces of the elements 
and deflections along the whole element length. This enabled the collated data to 
be analysed in a variety of ways to better understand the performance of the 
tested elements.
It should be noted that while reinforced concrete elements are all theoretically 
similar, being flexural elements, it is accepted that elements with lower levels of 
reinforcement (i.e. slabs) behave significantly differently to those with higher 
reinforcement levels (i.e. beams), due to a number of factors. Firstly, as stated, 
generally slab elements have lower levels of reinforcement but also there is an 
appreciably higher area of compressive resistance from the concrete. 
Additionally, the element stiffness of beams and slabs differs post-cracking. 
Consequently, all elements in this programme of research although being 
denoted by their percentage of internal reinforcement, p, have also been 
differentiated by being described as either beam or slab element.
4.2 Summary of test results
Extensive test data for each element, comprising deflections, strains, cracks and 
load, were collated during the experimental programme. The main details for all 
the twenty tested beams and nine tested slabs are presented in Table 4.1.
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4.3 Load Deflection Analysis
4.3.1 p =0.50% - 0 8mm reinforced beams
Vertical deflections were recorded along the whole length of the element, 
between supports. The load to maximum mid-span deflection relationships, 
Figures 4.1 (a) to (c), show that there is an increase not only in the load-carrying 
capacity of the elements as the amount of externally-bonded CFRP increases, but 
also there is a noticeable increase in the element stiffness. However, once the 
element is strengthened with 3 layers of CFRP the element becomes increasingly 
stiff, which results in large stresses at the lower regions of the element and 
premature failure occurs. It is shown in Table 4.1 that the increases in applied
load at serviceability deflection (taken for the purposes of this research as —)
for 1, 2 and 3 layers of CFRP sheet, when compared to the non-strengthened 
control element, were 15%, 32% and 53% respectively, with the ultimate load 
carrying capacities increased by 65%, 78% and 57% respectively.
Also, shown in Table 4.1 are the element ultimate loads, moments, deflections 
and failure modes. It can be seen that the most heavily strengthened of the 
elements, namely 8CF3, failed at a load of 55.0 kN, an increase of 57% over the 
control element but significantly less than the 78% increase over control 
achieved by the element strengthened with 2 layers of CFRP. Additionally, it is 
observed that following cracking of the concrete, if the slopes of the load 
deflection curves for the strengthened elements were extrapolated back they 
would pass through the origin. This suggests that were strengthening to be 
introduced to a pre-cracked element, then the benefit would be comparable to the 
elements tested here.
4.3.2 p =0.79% - 0 10mm reinforced beams
As with the 8mm elements in 4.3.1, vertical deflections were recorded along the 
whole length of the element, between supports. As can be seen from Figures 4.2
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(a) to (c), the load to maximum span deflection relationships show that an 
increase in load-carrying capacity is achieved with the strengthened elements but 
also an increase in the stiffness of the associated element.
It is shown that the load increases at serviceability deflection for 1,2 and 3 layers 
of CFRP sheets, compared with the non-strengthened control element, were 
approximately 4%, 10% and 30% respectively, whilst the ultimate load increases 
are 11%, 42% and 24% respectively. These percentage gains are shown in Table 
4.1, together with the ultimate loads, moments, deflections and failure modes.
It can be seen that the more heavily-strengthened elements, namely 10CF2 and 
10CF3, failed with premature tearing-off of the concrete cover at the internal 
steel reinforcement level on the tension face. In the case of 10CF2, there was 
also a simultaneous localised crushing of the concrete in the compression zone. 
Again, it is observed that the element strengthened with 3 layers of CFRP failed 
with a lower percentage gain in load-carrying capacity over the control element 
than that of the element with 2 layers of CFRP; 24% compared to 42% 
respectively.
4.3.3 p =1.13% - 012mm reinforced beams
As with all tests, vertical deflections were recorded and, as can be seen from 
Figure 4.3 (a) to (c), the increases in load at serviceability deflection, when 
compared to the control element, were 15%, 28% and 22% for the beams with 1, 
2 and 3 layers of CFRP respectively, with load-carrying capacity increases of 
20%, 31% and 29%. The reduced stiffness of the element with three layers of 
CFRP sheet (when compared to the element with two layers) is likely due to 
minor behavioural differences in the elements. It can be seen, however, that both 
elements exhibit similar stiffness beyond serviceability deflection and it should 
be noted that as both elements are over-reinforced, the effect of the bonded 
CFRP sheets is mitigated.
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It can be seen that, due to the higher percentage of internal steel reinforcement 
when compared to the 08mm and 010mm elements, the effect of the CFRP 
strengthening is diminished and in the case of the elements with 2 and 3 layers of 
CFRP sheets, the improvements in ultimate load between the two elements and 
the control are only 31% and 29% respectively.



































































































































































































































































1 CC=Concrete crushing; SY-CC=Steel yield followed by concrete crushing;
FR=Fibre rupture; DB=De-bonding of CFRP; PTO=Premarure tearing-off of concrete cover;
ECC=Explosive concrete crushing
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Deflection (mm)
Figure 4.1(a) - Load deflection graph at initial loading stage forp =0.50% - 08mm 
reinforced beams {See Figure 4.1(b) for initial loading stage partition}
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Figure 4.1 (c) - Load deflection graph forp =0.50% - 08mm reinforced beams
P. Davies-PhD Thesis, 2010 87
Chapter 4 Analysis of Experimental Results and Element Behaviour
1 1.5 
Deflection (mm)
Figure 4.2(a) - Load deflection graph at initial loading stage for/? =0.79% - 010mm 
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Figure 4.2(c) - Load deflection graph for/? =0.79% - 010mm reinforced beams
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4.3.4 p =2.01% - 016mm reinforced beams
As with the all other elements, vertical deflections were recorded along the 
whole length of the element. Figure 4.4 (a) to (c) shows that there is a minimal 
increase in load-carrying capacity and stiffness for the strengthened elements, 
due to their over-reinforced nature resulting in the CFRP strengthening becoming 
essentially redundant. There is also a noticeable decrease in deflection, all being 
in the range of 20.4mm to 24.9mm, far less than that for the other elements.
It can be seen from Table 4.1 that the increase in load at serviceability deflection 
never exceeds 10% and the ultimate load capacities actually show a decrease in 
two of the elements, 16CF1 and 16CF2, with only a 3% increase for 3 layers of 
CFRP. Additionally, due to the high percentage of tension reinforcement and 
strengthening, the element behaviour became highly unpredictable.
4.3.5 p =1.13% - 012mm doubly-reinforced beams
Vertical deflections and loads were recorded and are shown on Figures 4.5 (a) to 
(c). It can be seen that the increases in load at serviceability deflection were 
18%, 20% and 28% for the elements with 1, 2 and 3 layers of CFRP respectively, 
when compared to the control element. The increases in load-carrying capacity 
were 29%, 36% and 31%, respectively, echoing the trend of the 8mm, 10mm and 
12mm singly-reinforced elements, where the element with 2 layers of CFRP 
strengthening performs better then the element with 3 layers.
Also, as with the 12mm singly-reinforced elements, the higher percentage of 
internal steel reinforcement when compared to the 8mm and 10mm beams 
reduces the benefit of the CFRP strengthening. Additionally, the inclusion of 
two 12mm bars as compression reinforcement resulted in an increased load- 
carrying capacity for the elements, which one would expect as the singly- 
reinforced 12mm beams all failed due to compression failure of the concrete.
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4.3.6 p =0.40% - 0 8mm reinforced slabs
As for the other tests, vertical deflections were recorded along the whole span of 
the element. Figures 4.6 (a) to (c) show a significant increase in load-carrying 
capacity and stiffness for the strengthened elements. It is also seen, from Table 
4.1, that the load increases at serviceability deflection (11.6mm) were 130%, 
184% and 209% for the 2 layers of CFRP sheet and the 2 & 3 CFRP plate 
strengthened elements respectively.
As noted in Chapter 3, 8SCP2 and 8SCP3 failed due to premature de-bonding of 
the CFRP plates. It is suggested that the failure loads for these two elements 
could have been considerably higher had the de-bonding not occurred, a 
viewpoint supported by the surface strains near the top fibre at failure, which 
were only approximately 2000ue for both elements; only 60% of the compressive 
failure strain for concrete of 3500ue.
4.3.7 p =0.91% - 012mm reinforced slabs
As in previous tests, vertical deflections were recorded along the entire span and 
the load deflection results are presented in Figure 4.7 (a) to (c).
As with the 8mm reinforced slab elements, the elements strengthened with CFRP 
plates failed prematurely due to debonding of one of the adhered plates.
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Figure 4.3(a) - Load deflection graph at initial loading stage for/? =1.13% - 012mm 
reinforced beams {See Figure 4.3(b) for initial loading stage partition}
3456 
Deflection (mm)
Figure 4.3(b) - Load deflection graph up to serviceability deflection forp =1.13% -
012mm reinforced beams
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Deflection (mm)
Figure 4.3(c) - Load deflection graph forp =1.13% - 012mm reinforced beams
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Deflection (mm)
Figure 4.4(a) - Load deflection graph at initial loading stage for/) =2.01% - 016mm 
reinforced beams {See Figure 4.4(b) for initial loading stage partition}
Deflection (mm)




Figure 4.4(c) - Load deflection graph for/9 =2.01% - 016mm reinforced beams
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Deflection (mm)
Figure 4.5(a) - Load deflection graph at initial loading stage for p =1.13% - 012mm 
doubly-reinforced beams {See Figure 4.5(b) for initial loading stage partition}
456 
Deflection (mm)
Figure 4.5(b) - Load deflection graph up to serviceability deflection for/? =1.13%
012mm doubly-reinforced beams
10 15 20 25 30 35 40 45
Figure 4.5(c) - Load deflection graph forp =1.13% - 012mm doubly-reinforced beams
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I 1.5 
Deflection (mm)
Figure 4.6(a) - Load deflection graph at initial loading stage forp =0.40% - 08mm 
reinforced slabs {See Figure 4.6(b) for initial loading stage partition}
468 
Deflection (mm)
Figure 4.6(b) - Load deflection graph up to serviceability deflection forp =0.40%
08mm reinforced slabs
10 20 30 40 50 60 70 80
Figure 4.6(c) - Load deflection graph forp =0.40% - 08mm reinforced slabs
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1 1.5 
Deflection (mm)
Figure 4.7(a) - Load deflection graph at initial loading stage for/) =0.91% - 012mm 
reinforced slabs {See Figure 4.7(b) for initial loading stage partition}
6 8 
Deflection (mm)
Figure 4.7(b) - Load deflection graph up to serviceability deflection for/) =0.91%
012mm reinforced slabs
40 50 60 
Deflection (mm)
Figure 4.7(c) - Load deflection Graph for/) =0.91% - 012mm reinforced slabs
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4.4 Deflection profiles
Deflection profiles were created for all elements, utilising the section 
deformations recorded using the electronic linear variable displacement 
transducers (LVDTs). The positioning of the LVDTs can be seen in Figures 
4.8(a) and (b). For all elements, a total of ten LVDTs were used and positioned 
symmetrically, with two gauges at mid-span to record the maximum mid-span 
element deflection. On pages 98 to 105, the deflection profiles for all elements 
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Figure 4.8(b) Location of Linear Variable Displacement Transducers for slab
elements




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 4.15(e) - Deflection profile for element 12SCP3
4.5 Load/strain relationship
The concrete surface strains in the Constant Moment Zone (CMZ) were recorded 
using the DEMEC system, as illustrated in Figures 3.14 and 3.15. The readings were 
subsequently input into Microsoft Excel and processed to produce a graphical 
representation of the Load/strain relationships, which are presented in the following 
sections.
4.5.1 p =0.50% - 0 8mm reinforced beams
As can be seen from Figure 4.16(a), the tensile strain value near the bottom fibre of 
the control element, SCON, was recorded at 3308 microstrain (u,e) at the failure load 
of 35kN, with the corresponding compressive strain at the top fibre recorded at -693 
ue.
For all the 08mm elements, the recorded tensile and compressive strains at failure 
were as shown in Table 4.2. The load/strain plots for the strengthened elements are 
presented in Figures 4.16(b), (c) and (d).
It can be seen from the results in Table 4.2 that the recorded compressive strain 
ranged between -693u£ and -2006ue, even though the observed failure mode was 
steel-yielding followed by compressive failure of the concrete. It is likely that the 
internal steel yielded just after the strain values were recorded and the subsequent 
rotation resulted in localised crushing of the concrete in compression before the safety
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trip switch engaged, which explains why concrete crushing was noted as part of the 
failure mechanism when compressive strains in the concrete were apparently lower 
than would be expected.























*Note that \ E = \X\Q̂ 002. of strain 
mm
4.5.2 p =0.79% - 0 10mm reinforced beams
The strengthened 010mm elements had recorded tensile and compressive strains at 
failure as shown in Table 4.3. Again, it is likely that the rotation in the element 
following yielding of the internal steel reinforcement, resulted in strains far exceeding 
those recorded before failure occurred, which resulted in localised concrete crushing.
In Figure 4.17(a) it is shown that, for the control element, the tensile strain value near 
the bottom fibre was recorded at 2990 microstrain (jae) at a load of 50kN 
(approximately 90% of the failure load), with the corresponding compressive strain at 
the top fibre being recorded at -935 ue.
Element 10CF1, with one layer of CFRP sheet, showed a significant increase in 
surface strain values from 55kN, approximately 90% of failure load, and, similarly, 
element 10CF2, with two layers of CFRP sheets, exhibited a dramatic increase in 
strains from 65kN, approximately 80% of failure load (see Figures 4.17 (b) and (c)).
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This suggests a potential for ductile failure, which is not the case for more heavily 
strengthened elements, such as element 10CF3, which, as can be seen in Figure 4.17 
(d), demonstrated a perfectly linear strain profile to failure.
The significantly higher strain values recorded at failure for element 10CF2 are 
because the element achieved higher ultimate loading than the other two strengthened 
elements. Element 10CF3 would have reached higher strain values at ultimate limit 
state had a premature tearing-off failure not occurred.























4.5.3 p -1.13% - 0 12mm reinforced beams
As can be seen from Figures 4.18 (a) to (d), for the control element, the Compressive 
strain value near the top fibre was -2424 microstrain (us) and the corresponding 
tensile strain near the bottom fibre was 3526 us at a load of 65kN. The strengthened 
12mm reinforced elements had recorded tensile and compressive strains at failure as 
detailed in Table 4.4.
Even though the compressive concrete strains for all elements except 12CF3 are 
between -2125 us and -2325 us, the observed failure mode was concrete crushing; this 
can be seen in Figures 3.29 to 3.31. The reason for the low strain value at failure is 
likely due to the strain being recorded just prior to the initiation of element failure, 
which would have resulted in a rapid increase in compressive strain and, hence, 
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4.5.4 p =2.01% - 0 16mm reinforced beams
Problems with the recording equipment resulted in the surface strain data for the 
16mm reinforced beams becoming corrupted and, consequently, it is not possible to 
produce strain against load plots for the elements in this set.
4.5.5 p =1.13% - 0 12mm doubly-reinforced beams
For the doubly-reinforced control element, the Compressive strain value near the top 
fibre was -2424 microstrain (us) and the corresponding tensile strain near the bottom 
fibre was 3526 us at a load of 65kN. Again, as with other elements in the 
experimental programme, it is likely that the rotation in the element following 
yielding of the internal steel reinforcement, resulted in strains far exceeding those 
recorded before failure occurred, which resulted in observed localised concrete 
crushing.
The strengthened 12mm reinforced elements had recorded tensile and compressive 
strains at failure as shown in Table 4.5.
The element strengthened with 3 layers of CFRP sheet displayed extremely linear 
strain behaviour up to failure, indicating a distinct lack of ductility in the structural 
system. All these points are illustrated in Figures 4.19 (a) to (d).
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4.5.6 p =0.40% - 0 8mm reinforced slabs
For the 8mm reinforced control element, the Compressive strain value recorded near 
the top fibre was -713 microstrain (u^) and the corresponding tensile strain near the 
bottom fibre was 2950 us at a load of 16kN.
The strengthened elements had recorded tensile and Compressive strains at failure as 
shown in Table 4.6 and illustrated in Figures 4.20 (a) to (d):
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4.5.7 p =0.91% - 0 12mm reinforced slabs
For the 12mm reinforced control element, the compressive strain value recorded near 
the top fibre was -1953 microstrain (ue) and the corresponding strain near the bottom 
fibre was 3928 us at a load of 32 kN.
The strengthened elements had recorded tensile and compressive strains at failure as 
shown in Table 4.7 and illustrated in Figures 4.21 (a) to (e):
































Figure 4. 21 (a) - Load/Strain graph for control element 12SCON
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4.6 Strain Distribution
The concrete surface strains in the Constant Moment Zone (CMZ) were recorded 
using the DEMEC system, as detailed in Section 3.4.2 and illustrated in Figures 3.14 
and 3.15. The readings were input into Microsoft Excel and processed to produce a 
graphical representation of the increase in strain with increased loading. As six zones 
were used for each element (three on either side), the strains presented are the 
averages for all zones.
Figure 4.22 displays the linear strain profile that was observed for all the elements 
across the element depth. This is demonstrated in the element strain profiles.
Typical strain profile
Figure 4.22 - Strain profile across element depth 
4.6.1 p =0.50% - 0 8mm reinforced beams
As can be seen from 4.23(a), the readings fluctuated slightly at low loading levels (up 
to lOkN) but became perfectly linear as the loading increased past this level. This 
indicates that the plane section remained plane during the loading process for both the 
normally reinforced element, SCON, and the strengthened elements, with each 
displaying linear strain variation up to failure. Figures 4.23(b) to (e) show the strain 
results for the 8mm reinforced elements, from lOkN to element failure.
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Figure 4.23(a) - Strain profile at mid-span for control element SCON, up to lOkN 
4.6.2 p =0.79% - 0 10mm reinforced beams
Figures 4.24 (a) to (e) show the strain data for the 1 Omm reinforced elements and, as 
can be seen, the readings fluctuated slightly at low loading levels in a similar manner 
to the 8mm reinforced elements but became linear as the loading increased, indicating 
that the plane section remained plane during the loading process for all elements.
I
-200 -150 150 200 250
Microstrain (\it)
Figure 4.24(a) - Strain profile at mid-span for control element 10CON, up to lOkN
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4.6.3 p =1.13% - 0 12mm reinforced beams
The strain results for the 012mm reinforced elements are presented in Figures 
4.25 (a) to (e). As has been mentioned previously, strain readings fluctuate 
slightly at low loading levels but became linear as loading progresses to failure, 
indicating that the plane section remained plane during the loading process for all 
elements.
Microstrain (jie)
Figure 4.25(a) - Strain profile at mid-span for control element 12CON, up to lOkN
4.6.4 p =2.01% - 0 16mm reinforced beams
A fault with the recording equipment meant that the surface strains recorded for 
all the 16mm elements were corrupted and, therefore, unusable. Consequently, 
strain profiles were created from the electronic strain gauges fixed to the extreme 
fibre surfaces of the element, and these are presented in Figures 4.26(a) to (d).
4.6.5 p =1.13% - 0 12mm doubly-reinforced beams
The strain results for the 12mm doubly-reinforced elements are shown in Figures 
4.27 (a) to (e). As before, strain readings fluctuated slightly at low loading levels 
but became linear as loading increased, indicating that the plane section remained 
plane during the loading process for all elements.
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-200 -150 -100 -50 0 50 
Microstrain (
100 150 200 250 300
Figure 4.27(a) - Strain profile at mid-span for control element 12DCON, up to lOkN 
4.6.6 p =0.40% - 0 8mm reinforced slabs
Figures 4.28(a) to (e) show the strain profiles for 8SCON, 8SCF2, 8SCP2 and 8SCP3 
respectively. As with other elements in the experimental programme, it can be seen 












Figure 4.28(a) - Strain profile at mid-span for control element 8SCON, up to lOkN











































































































































































































































































































































































































































































































































Chapter 4 Analysis of Experimental Results and Element Behaviour
4.6.7 p =0.91% - 0 12mm reinforced slabs
Presented in Figures 4.29 (a) to (f) are the strain profiles for 12SCON, 12SCF2, 
12SCF4, 12SCP2 and 12SCP3 respectively. As with all other tested elements, it 
can be seen that the strain profiles remained linear throughout the loading cycle to 
failure.
-600 -400 0 200 400 
Microstrain {ue)
Figure 4.29(a) - Strain profile at mid-span for control element 12SCON, up to lOkN
•4000 -2000 -1000
Microstrain
Figure 4.29 (b) - Strain profile at mid-span for element 12SCP3, 6kN to failure
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4.7 FRP surface strains
As detailed in Chapter 3, during the experimental programme, electronic strain 
gauges were bonded to the surface of the CFRP for all strengthened elements. 
Consequently, it has been possible to create strain profiles for the FRP in tension 
on the soffit of the tested, strengthened elements (a typical profile presented in 
Figure 4.30). The FRP surface strain profiles for all tested elements are 





















Figure 4.30 - Typical strain profile plot for FRP surface strains (8CF3 shown)
The positions of the electronic strain gauges adhered to the FRP surface were 
presented in Figures 3.16 and 3.17 in Chapter 3, but have been replicated here in 
Figure 4.31 for ease of reference. Where more than one strain gauge was present 
at any given position, an average value was used.
The DEMEC strain readings compare well with the electronic gauges on the 
surface of the FRP. For example, in the diagram shown below, the FRP surface 
strain at the soffit of the element at 55kN is seen to be 3550|ae. From Figure 
4.23(e) the corresponding DEMEC strain reading is seen to be 3250jae, which is
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naturally a lower reading as the lowest DEMEC reading is taken at 10mm above 
the soffit. As the neutral axis depth is 65mm (Figure 4.40) simple linear 
extrapolation yields a value of 3510us, which is very comparable to the reading 
from the electronic strain gauge.
It should be noted that for all the elements where a debonding failure was 
observed, the maximum FRP surface strain never exceeded 7000 jus, and in 
many cases was well below this value, as can be seen in Table 4.8. This is of 
particular interest as all values are significantly below the value of 8000 ue, 
which is the current strain limit in the design guidelines to remove the possibility 
of debonding failure^. As the strain values presented are averages and were 
collected from more than one electronic gauge for each element, the possibility 
of erroneous gauge readings is removed and it must be considered that the 
debonding failures have occurred at the stated strain values. This matter calls 
into question the validity of the current guidance value of 8000(j,e and merits 
further study, although such investigations are beyond the scope of this research 
programme.


















" It should be noted that, as detailed in Section 3.7.2.1.4, the presence of air voids in the adhesive 
layer for element 8SCP3 may have contributed to a very premature debonding failure mode, 
which would account for the very low tensile strain value in the FRP at failure.
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Figure 4.31 - Electronic strain gauge layouts for tested elements 
(Replicated from Figures 3.16 and 3.17)
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4.8 Neutral axis depth
The neutral axis depth at mid-span was calculated, for all strengthened elements, 
using the readings from the electronic strain gauges on the top and bottom faces 




Where; h is the total section depth
tf is the thickness of the FRP layer
(Please also refer to Figure 4.39)
For a control element, where an electronic gauge was not placed on the tension 
face, 8b represents the surface strain at the lowest DEMEC gauge point, i.e. 








The benefit of using the electronic gauges was that it enabled the recording of 
strain values up to failure, whereas, for health and safety reasons, the manual 
recording of surface strains was ceased when it was considered the elements 
were approaching failure. Figures 4.40 to 4.46 display the load against neutral 
axis depth 'x' for all the elements contained within the experimental programme.
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Cross-section Typical strain profile
Figure 4.39 - Calculation of neutral axis depth from strains
It can be seen from the plots of neutral axis depth, 'x', against load, that at the 
early loading stages the depth of the neutral axis rapidly decreases, which 
indicates the point at which the initial concrete cracking has occurred.
It should also be noted that for strengthened elements with higher levels of 
internal steel reinforcement, the neutral axis depth increased as ultimate limit 
state was approached, indicating that some compressive resistance was being lost 
in the concrete, requiring a drop in the position of the neutral axis in order to 
maintain section equilibrium. This is particularly noticeable as the level of 
flexural reinforcement/strengthening increases significantly as with the 016mm 
elements. This hypothesis is further borne out if one looks at the plot for the 
012mm doubly-reinforced elements. These elements display a much less 
pronounced increase in the depth of the neutral axis, due to the presence of 
compression steel reinforcement, which aids the concrete in providing 
compressive resistance in the element, particularly at latter loading stages.
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4.8.1 p =0.50% - 0 8mm reinforced beams
Load (kN)
Figure 4.40 - Load/Neutral Axis depth 'x' at mid-span for 08mm reinforced elements
4.8.2 p =0.79% - 0 1 Omm reinforced beams
Load(kN)
Figure 4.41 - Load/Neutral Axis depth 'x' at mid-span for 010mm reinforced elements
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Figure 4.42 - Load/Neutral Axis depth 'x' at mid-span for 012mm reinforced elements
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Figure 4.43 - Load/Neutral Axis depth 'x' at mid-span for 016mm reinforced elements
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4.8.5 p =1.13% - 0 12mm doubly-reinforced beams
10 20 30 40 50 60 
Load (kN)
70 80 90 100
Figure 4.44 - Load/Neutral Axis depth 'x' at mid-span for 012mm doubly-reinforced
elements
4.8.6 p =0.40% - 0 8mm reinforced slabs
30 40 
Load (kN)
Figure 4.45 - Load/Neutral Axis depth 'x' at mid-span for 08mm reinforced elements
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4.8.7 p =0.91% - 0 12mm reinforced slabs
Load (UN)
Figure 4.46 - Load/Neutral Axis depth Y at mid-span for 012mm reinforced elements
4.9 Moment Curvature
From the experimental results, it was possible to generate plots of moment 
against curvature for each tested element from two different data sources, namely 
deflections and DEMEC strains. This enabled the data to be compared and 
verified, which allowed both sets of experimental results to be corroborated.
It should be noted that due to the large deflections experienced when loading the 
slab elements, it was necessary to remove the LVDTs prior to element failure, in 
order to safeguard the recording equipment from damage. Consequently, the 
plots for the slab elements display a curtailed behaviour for the moment- 
curvature derived from deflections.
Presented in Figures 4.47(a) to 4.52(e) are the moment against curvature graphs 
for all elements.
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Figure 4.52(e) - Moment curvature plot for element 12SCP3
4.10 Crack propagation
It is evident from experimental observations, as well as the recorded information 
presented in Figures 4.53(a) to 4.59(d), that crack development in strengthened 
elements differs significantly from conventionally reinforced concrete elements. 
It is well known that in un-strengthened RC elements, the number of cracks will 
increase to a maximum before failure and subsequently the crack width and 
length increases to accommodate the additional deformation prior to the ultimate 
load stage.
It can also be seen, by comparing the maximum crack lengths with the neutral 
axis Y values (see Section 4.8) that there is excellent correlation between the two 
sets of data; i.e. the maximum crack length representing the depth of the beam in 
tension (below the neutral axis) when added to the corresponding value for Y 
should equal the total beam depth of 200mm. This is to say that for beam 
10CF2, between the loads of 30kN and 60kN the maximum crack length, from 
Figure 4.53(b), is approximately 130mm and the corresponding calculated value 
for Y from Figure 4.41 (from strain readings) is 70mm.
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4.10.1 p -0.50% - 0 8mm reinforced beams
The strengthened elements display an increase in the number of cracks up to 
failure. Additionally, as illustrated in Figure 4.53(d), the average crack width for 
strengthened elements is significantly smaller than for un-strengthened ones and 
remains stable until just before failure. This can be attributed to the perfect bond 
between the CFRP and the beam surface allowing the strengthening to distribute 
the load across the whole length of the element and also 'holding together' the 
tension face. Conversely, the 10CON displays an increase in crack width 
throughout the loading range.
4.10.2 p =0.79% - 0 10mm reinforced beams
The strengthened elements display an increase in the number of cracks up to 
failure. Additionally, as illustrated in Figure 4.54(d), the average crack width for 
strengthened elements is significantly smaller than for un-strengthened ones and 
remains stable until just before failure. This can be attributed to the perfect bond 
between the CFRP and the beam surface allowing the strengthening to distribute 
the load across the whole length of the element and also 'holding together' the 
tension face. Conversely, the 10CON displays an increase in crack width 
throughout the loading range.
Also, for the strengthened elements the maximum and average crack lengths 
remain stable for the majority of the loading range (Figures 4.54(b) and (c)). The 
corresponding average crack length for 10CON increases from the early loading 
stages through to failure and the maximum crack length increases dramatically 
during the last 10 to 15% of loading.





















































































































































































































































































































































































































































































































































Chapter 4_____________ Analysis of Experimental Results and Element Behaviour
4.10.3 p =1.13% - 0 12mm reinforced beams
The strengthened elements display an increase in the number of cracks up to 
failure. Additionally, as illustrated in Figure 4.55(d), the average crack width for 
strengthened elements is significantly smaller than for un-strengthened ones and 
remains stable until just before failure. This can be attributed to the perfect bond 
between the CFRP and the beam surface allowing the strengthening to distribute 
the load across the whole length of the element and also 'holding together' the 
tension face. Conversely, the 12CON displays an increase in crack width 
throughout the loading range.
4.10.4 p =2.01% - 0 16mm reinforced beams
It is apparent from Figure 4.56(a) that the increase in number of cracks between 
the control and strengthened elements varies only slightly, suggesting that the 
CFRP strengthening in these already heavily-reinforced members had little effect 
on performance.
This hypothesis of the lack of increase in performance for heavily-reinforced 
elements is further supported by the results shown in Figures 4.56(b), (c) and (d). 
The average crack width remains relatively constant for the majority of the 
loading range for all beams, as do the maximum and average crack lengths; this 
is in contrast to the results for the 010mm beams where the average crack width 
and crack lengths for the control beam varied noticeably from those of the 
strengthened elements.
4.10.5 p - 1.13% - 0 12mm doubly-reinforced beams
It is apparent from Figure 4.57(a) that the increase in number of cracks between 
the control and strengthened elements varies only slightly, suggesting that the 
CFRP strengthening in these already heavily-reinforced members had little effect 
on performance.




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Chapter 4________________Analysis of Experimental Results and Element Behaviour
4.10.6 p =0.40% - 0 8mm reinforced slabs
It can be seen from Figure 4.58(a) that the number of cracks for 8SCF2 increases 
more rapidly than for the other two strengthened slabs. This is most likely due to 
the nature of CFRP sheets adhered across the whole width of the element to 
better distribute the strain along the whole span at the edge of the element. As 
the plates were adhered in from the edge of the element, there was no strain 
redistribution where the cracks were being marked, which gave a suggestion of 
lower crack numbers along the whole span.
4.10.7 p =0.91% - 0 12mm reinforced slabs
It can be seen from Figure 4.59(a) that the number of cracks for 8SCF2 increases 
more rapidly than for the other two strengthened elements. This is most likely 
due to the nature of CFRP sheets adhered across the whole width of the slab to 
better distribute the strain along the whole span at the edge of the element. As 
the plates were adhered in from the edge of the element, there was no strain 
redistribution where the cracks were being marked, which gave a suggestion of 
lower crack numbers along the whole span.





































































































































































































































































































































































































































































































































































































Chapter 4_________________ Analysis of Experimental Results and Element Behaviour
4.11 Summary
A thorough experimental programme has been carried out and results have been 
processed for all tested elements. The results were initially presented in tabular 
form, detailing the salient loads, strength gains, moments, deflections and failure 
modes, before more detailed accounts were presented for each category.
Firstly, the load deflection analyses for all elements were presented and it was 
determined that as the amount of externally-bonded fibre composites increased, 
there was an increase not only in the load-carrying capacity of the element but 
also in the element stiffness; this can be seen from the load deflection plots for 
the tested elements. This concurs with published sources, covered in Chapter 2, 
which generally agreed that FRP composites can increase both the load-carrying 
capacity and stiffness of RC elements5 . It can also be seen that the elements 
with the lower percentages of steel reinforcement display larger increases in 
load-carrying capacity when compared to their more heavily-reinforced 
counterparts, as discussed in Chapter 2 . Accordingly, the effect of the bonded 
composites for the elements reinforced with two 016mm bars was noticeably 
reduced, due to the high amount of reinforcing steel already present in the 
section.
The presented deflection profiles displayed that strengthened elements, in the 
same way as their non-strengthened counterparts, demonstrate a circular profile 
between the loading points (in the constant moment zone) and also that the 
deflection profiles remain symmetrical up to failure.
Next, the load strain relationship of each element set was presented and it was 
noted that for many of the elements that had observed steel-yield/concrete 
crushing failure modes, the recorded strain in the concrete in compression was
§ Meier et al. 1992; Chajes et al. 1994 & 1995; Hutchison et at. 1996; Shahawy et al. 1996; 
Tumialan et al. 1999; Ramana et al. 2000; Tann et al. 2000; Leung 2002; Maalej et al. 2005; 
Tann 2005; Oehlers et al. 2006; Esfahani et al. 2007; Oehlers et al. 2008. 
** Hutchison etal. 1996; Arduini et al. 1997
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significantly lower than that expected for concrete crushing (X3500ue). 
However, it is likely that, following yielding of the internal steel reinforcement, 
the rotation in the element caused localised crushing of the concrete in 
compression after the last strain record was taken. In addition, the two 010mm 
elements with one and two layers of externally-bonded CFRP composite sheets 
respectively, displayed a dramatic increase in strains in the latter stages of 
loading. This demonstrates a potential for these strengthened elements to exhibit 
ductile failure characteristics, which is not present in more heavily strengthened 
elements.
The concrete surface strains, obtained using the DEMEC system, showed that the 
strain distribution across the element depth for strengthened elements, like un- 
strengthened ones remained linear from initial loading stages through to ultimate 
limit state.
It was shown that the FRP surface strain profiles displayed good correlation with 
the surface strains obtained from the DEMEC system. It was also noted that for 
all the elements where debonding was the failure mode, the recorded FRP 
surface strain was significantly below the 8000|ie recommended by published 
guidance to preclude debonding failure. Consequently, it is recommended that 
further study is needed in this area to verify the validity of the current strain 
limit, although such work is outside the scope of the current research.
The graphs of neutral axis depth against load displayed an increase in the neutral 
axis depth at the latter stages of loading, which demonstrated the initiation of 
failure in the concrete in compression, which resulted in a lowering of the neutral 
axis in the section. This was further corroborated by the elements doubly- 
reinforced with two 012mm reinforcing bars in compression and tension, as 
these elements displayed a much reduced increase in the neutral axis depth due to 
the presence of the steel in compression.
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Moment curvature graphs were generated from two data sources; namely, 
deflections and strains. The resulting graphs demonstrated the lack of deviation 
between the curves, which in turn corroborated the quality of the acquired data.
Finally, the crack propagation for all elements was presented and it was noted 
that the strengthened elements displayed a number of behavioural differences 
with regard to cracking in the constant moment zone when compared with their 
non-strengthened counterparts. The strengthened elements showed:
• A higher overall number of surface cracks
• A shorter maximum crack length
• A shorter average crack length
• A smaller average crack width
These points are attributable to the ability of the FRP composites to better 
distribute the stress in the soffit of the element so that, for example, the extension 
is spread better over the whole element length, which results in a better, and 
more dense, crack distribution. Additionally, the increase in element stiffness 
causes a reduction in element deflection (as can be seen in the load deflection 
plots in Section 4.3), which in turn results in shorter cracks.
P. Davies - PhD Thesis, 2010 164
jChapter 5_____________Deflection prediction for Fibre composites strengthened RC elements




As discussed in Chapter 2, in order to define a deformation-based ductility index for a 
strengthened element, it is essential to determine the element deflection for a given 
load. However, it is recognized that once any loaded element progresses into its non­ 
linear state, the prediction of deflection becomes significantly difficult, since the most 
important parameter, the flexural rigidity, El, is no longer a constant value.
It is, nevertheless, viable to develop a semi-empirical method of deflection prediction 
by quantifying the flexural rigidity from the moment-curvature relationships obtained 
during the experimental programme. These El values can then be analysed and a 
trend determined to quantify the flexural rigidity for any given section, under any 
loading greater than the service load, and, hence, the prediction of deflections in 
flexural members.
5.2 Background
The prediction of deflections in steel reinforced concrete flexural elements under 
service loading can be predicted with reasonable accuracy, utilising the equations 
found in BS 8110 and BS EN 1992-1-1:2004 (Eurocode 2). However, the prediction 
of deflections for fibre composites strengthened elements is not so well documented. 
In particular, no such predictions under ultimate load conditions have been 
investigated to any great detail. As discussed in 5.1, it is essential that the deflection 
of strengthened elements can be predicted not only at the service load level but also 
before they reach the ultimate limit state, so that appropriate ductility and 
deformability indices can be calculated.
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The behaviour of fibre composites strengthened elements follows a pseudo-linear 
pattern in different stages up to failure and, consequently, it is possible to develop a 
numerical method of determining flexural rigidity, which would enable the 
establishment of element deflections up to ultimate limit state.
5.3 Semi-empirical equation for deflection determination
Consider the strengthened element 10CF2 from the experimental programme; i.e. a 
200mm x 100mm concrete beam reinforced with two, 10mm diameter, high-yield 
steel bars and subsequently strengthened with two, full-width layers of CFRP fabric. 
The moment curvature relationship for this element, as detailed in Chapter 4, Section 
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Figure 5.1 - Moment Curvature relationship for 10CF2
By using the equation for the mean value of the modulus of elasticity for normal 
weight concrete given in BS 8110 (Equation 5.1), it is possible to determine a value 
for the concrete used in the making of the element 10CF2:
5.1
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where KO is a constant closely related to the elastic modulus of the aggregate, taken as 
20kN/mm2 for normal weight concrete and fcu is the concrete cube strength in N/mm2 . 
It should be noted that fcu is input into the equation in N/mm2 , even though it yields a 
value in kN/mm2 .
This equation yields a value for 10CF2 of:
Ec = K0 + 0.2 fcu = 20 + 0.2(59.9) = 32.0kN/mm2 
which is close to the experimental value of 36.3kN/mm2 .
The second moment of area of the beam can then be derived from the previously 
obtained, experimental, moment-curvature data. The following equation (5.2), 
defined by Tann (2003), defines the relationship between the applied load, P, and the 
calculated second moment of area of a CFRP strengthened slab section.
Where:
Ig is the second moment of area of the CFRP strengthened section;
Afis the area of the carbon fibre composite, in mm ;
P is the applied load;
Pmin is the load at which concrete cracking occurs, i.e. the stress at which the
concrete reaches its tensile strength, taken for the purposes of this programme
of work as 3.2N/mm2 ;
lo is the second moment of area of the transformed, uncracked section.
The maximum deflection of an element subjected to four-point loading can be defined 
as follows, using the standard equation:
-4«») 5.3
Where:
a is the distance from the support to the nearest point load (in the case of
10CF2, this distance is 575mm)
/ is the effective span of the element (in the case of 10CF2, 2.4 metres)
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By substituting Equations 5.1 and 5.2 into Equation 5.3, it is possible to derive a 
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Figure 5.2 - Element dimensions for calculation of Smax
This generic expression can be used to predict deflection for all slab elements in the 
experimental programme for the specific, four-point loading configuration used, and 
examples of the predicted deflections compared to actual, experimental values can be 
seen in Figures 5.3 (a) and (b).
However, as discussed, this method was originally designed for predicting the 
deflection in slab elements and, despite beam elements being theoretically identical to 
all such flexural elements for the purposes of analysis, it was found that when the 
above method was applied to beam elements from the experimental programme, the 
equation over-estimated the value for 5max. Consequently, a revised equation has been 
developed that could predict the load deflection behaviour of beam elements. This 
variation is despite the slabs from the experimental programme with 012mm 
reinforcement having a higher reinforcement ratio than the beams reinforced with 
08mm and 010mm bars and cannot therefore be connected to the reinforcement ratio 
of the flexural element being considered.
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Figure 5.3 - Experimental and predicted load deflection behaviour for 
(a) 12SCF2and(b) 12SCF4
Initially, a new form of Equation 5.2 was derived, utilising the moment curvature 
plots for various elements in the experimental programme, in order to determine a 
revised semi-empirical method that could estimate the second moment of area of a 
fibre-composites-strengthened beam element. This required the influence of the fibre 
composites to be reconsidered, which in turn enabled the value of the second moment 
of area to be better predicted. It was found that the factor of 0.01, applied to Af, 
required altering to 0.05, shown in Equation 5.5. This resulted in a significantly 
improved method of prediction for the second moment of area throughout the loading 
of the beam elements; this is illustrated in Figures 5.4 (a), (b) and (c).
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5.5
Subsequently, a revised Equation 5.4 was developed, which predicted the load 
deflection behaviour for any beam element. The generic equation, derived from and 
calibrated against all beam elements in the experimental programme, is given in 
Equation 5.6.
Presented in Figures 5.4(a), (b) and (c), are the comparisons of predicted load 
deflection behaviour against actual experimental data for three of the experimental 
elements.
56
It should be noted that the expression has been amended to include a factor of - ,
which better represented the behaviour of fibre composite strengthened beam 
elements; this accounts for the '48', rather than '24', in the denominator.
The successful modelling of the load deflection behaviour of the elements in the 
experimental programme suggests that, in addition to the slab elements predicted by 
Tann (2003), the flexural rigidity of beam elements strengthened with fibre 
composites can also be acceptably estimated.
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Figure 5.4(a) - Experimental and predicted values for second moment of area, I, using
Equation 5.5 for element 8CF2
10 15 
Momenl(kNm)
Figure 5.4(b) - Experimental and predicted values for second moment of area, I, using
Equation 5.5 for element 10CF2
Figure 5.4(c) - Experimental and predicted values for second moment of area, I, using
Equation 5.5 for element 12CF3
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Figure 5.5(a) - Experimental and predicted load deflection behaviour for element 8CF1
10 12 
Maximum deflection (mm)
Figure 5.5(b) - Experimental and predicted load deflection behaviour for element 10CF3
10 15 20 
Maximum deflection (mm)
Figure 5.5(c) - Experimental and predicted load deflection behaviour for element 12CF3
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5.4 Comparative study
In order to validate the accuracy of the deflection prediction method detailed in 
Section 5.3, it was necessary to carry out a further study on a number of strengthened 
elements from published data . Consequently, the deflection prediction method was 
applied to additional elements with various geometry and amounts of strengthening. 
A comprehensive list of the element data is presented in Table 5.1.
Presented in Figures 5.6 (a) to (e) are comparisons of the predicted and actual, 
published load deflection behaviour for five strengthened elements from published 
data. Each Figure shows the predicted load deflection behaviour on the left hand side, 
on axes that are comparable to those in the published data, and on the right hand side 
is a reproduction of the published graph with the predicted curve superimposed on 
top. It can be seen there is very good correlation between the actual displayed load 
deflection behaviour for the compared elements, with that predicted by the proposed 
method.
5.5 Summary
It has been shown in Section 5.3 that the flexural rigidity of beam elements 
strengthened with fibre composites can now be modelled with acceptable accuracy. 
Consequently, the load deflection behaviour can also be acceptably predicted. This is 
possible primarily due to the fact that such elements display pseudo-elastic load- 
deflection behaviour even after the concrete and/or internal steel reinforcement have 
moved into their non-linear stages.
Using the method detailed in Section 5.3, in particular with Equations 5.5 and 5.6, one 
can determine the load deflection behaviour up to and including the predicted ultimate 
limit state. Consequently, the designer is able to determine the ductility 
characteristics of the element being considered and ensure that suitable ductility 
and/or deformability is achieved at the design stage.
' Tann (2001); Maalej et al. (2005); Wenwei et al. (2005); Esfahani et al. (2007)
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Figure 5.6 (a) - Predicted load deflection and overlayed graph for element A5
(Maalej et al. 2005)
Figure 5.6 (b) - Predicted load deflection and overlayed graph for element CFC30
(Wenwei et al. 2005)
C - Carbon fibre composites; F - Fabric; P - Plate
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Figure 5.6 (c) - Predicted load deflection and overlayed graph for element B2
(Tann2001)
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Figure 5.6 (d) - Predicted load deflection and overlayed graph for element A8
(Tann2001)
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Figure 5.6 (e) - Predicted load deflection and overlayed graph for element B4
(Esfahani et al. 2007)
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CHAPTER 6 ANALYTICAL MODELLING
6.1 Introduction
In Chapter 3, the flexural behaviour of reinforced concrete beams that had been 
strengthened with externally-bonded CFRP composites was investigated in the 
course of the experimental programme. It can be seen that there is scope to 
ensure sufficient ductility in a structural element to ensure a controllable, non- 
brittle mode of failure.
Additionally, a parametric study was needed, in order to corroborate the 
experimental data and represent the element behaviour and, subsequently, a non­ 
linear, numerical model was developed, as detailed below.
6.2 Material Constitutive Laws
6.2.1 Flexural concrete in compression
The behaviour of concrete in compression is one of the primary concerns in any 
RC structural element. Both BS 8110 and BS EN 1992-1-1:2004 (Eurocode 2) 
provide stress/strain relationships for the analysis of reinforced concrete sections.
BS 8110 states the following as the stress-strain relationship for concrete in 
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0.003 0.035
Figure 6.1 - Stress/strain curve for concrete in compression for rigorous analysis
as per BS 8110-1:1997
Eurocode 2 gives the following as a stress/strain relationship for concrete in 
compression when conducting non-linear structural analysis (see also Figure 
6.2):
fcm
=> &c - fern
Where;
r krj-T] 2
\ + (k- 2)77
6.2
6.3
£cl is the strain at peak stress
Jen
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Stress/strain curves for all values of fck are shown in Figure 6.3, calculated using 
the above equations and utilising the values shown in Table 6.1.
Table 6.1 - Strength and deformation characteristics for concrete 













































































Figure 6.2 - Stress/strain curve for concrete in compression 
from BS EN 1992-1-1:2004 (Eurocode 2)
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Figure 6.3 - Stress/strain curves for concrete in compression for values of fcck
from 12 to 90 N/mm , derived from Eurocode 2
6.2.2 Flexural concrete in tension
Both BS8110 and Eurocode 2 assume that the tensile strength of concrete is 
negligible and can therefore be taken to be zero for the purposes of design, 
thereby ensuring an over-designed and more conservative section. However, for 
the purposes of accurate structural analysis, some form of stress/strain 
relationship for flexural concrete in tension has to be assumed. To this end, the 
following relationship was assumed, when constructing the numerical model:
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Where sct is the average concrete tensile strain when the first crack occurs and is 
assumed to be 80//£ or 0.000080 strains. The power of 0.4 is a coefficient that 
represents the bond that deformed steel reinforcing bars have with concrete (Sato 
et al, 1999). However, this material model is based on concrete cube strengths 
and, in order to maintain consistency with other concrete properties within the 
numerical model, it was considered necessary to determine the concrete tensile 
strength based on the cylinder strength. Hence, the value of fck,cube corresponding 
to the chosen cylinder strength fck , as detailed in Table 3.1 of EN 1992-1-1:2004, 













fck= 80 N/mm2 
fck= 90 N/mm 2
0.0002 0.0004 0.0006 
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0.0008
Figure 6.4 - Stress/strain curves for concrete in tension for values of fck from 12 
to 90 N/mm2 , derived from Sato et al, 1999
6.2.3 Internal steel reinforcement in compression
A simplified bi-linear stress/strain relationship was used for the steel 
reinforcement as detailed in Figure 5.5. Up to the point where the steel yields, 
the corresponding stress is determined as the product of the strain multiplied by 
the elastic modulus:
°steel = Es teel £ 6.7
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Strain,£
Figure 6.5 - Bi-linear stress/strain relationship for internal steel reinforcement in
compression
6.2.4 Internal steel reinforcement in tension
The stress/strain relationship of steel reinforcement is normally assumed to be 
elastic-perfectly plastic, with a yield stress of fy . However, a model suggested by 
Belarbi et al. (1994) takes into account the tension stiffening effects of steel bars 
which are embedded in concrete, which is different to that of bare bars in tension 
in that the yield stress lowers below, fy . It was reported that the concrete tensile 
strength and the ratio of steel reinforcement were the primary influencing factors 





p is the tension steel reinforcement ratio
fy* is the apparent yield strength of embedded bars
fy is the yield strength of the bare bar in tension
fcl is the concrete tensile strength (See 6.2.2)
In order to simplify the stress/strain relationship when determining the material 
behaviour for the analytical model, a tri-linear profile was used, as demonstrated 
in Figure 6.6.
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0.0025 0.005 0.0075 0.01 
Strain, i:
0.0125 0.015
Figure 6.6 - Tri-linear stress/strain relationship for internal steel reinforcement in
tension
6.2.5 Carbon Fibre Reinforced Polymer (CFRP) Composites
The CFRP composites used both in the experimental programme and during the 
development and execution of the numerical model, have a linear stress/strain 
relationship, up to failure. Therefore, it is appropriate to use the following 




This is the standard 'Hooke's Law' and the "FRP" subscript in the above 
equations denotes their relation to the CFRP composites used in the research. 
For the CFRP sheet materials used in this study, the typical tensile failure strain 
for the sheets was in the region of 0.9%, which is contrary to that specified by the 
manufacturers, a stated tensile failure strain of 1.5%. The manufacturer's 
specifications also indicate an elastic modulus of 230kN/mm2 and an ultimate 
tensile stress of 2400N/mm2 , compared to measured values of 222.5kN/mm2 and 
1900N/mm2 respectively. For the CFRP plates used, the typical tensile failure
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strain was 1.0%, with an associated elastic modulus of 175.6kN/mm2 ; these 
values compare with those stated by the manufacturer of 1.5% and 150kN/mm2 . 
Figure 6.7 displays the stress-strain behaviour for the two types of FRP used in 
this study.
3000
0.002 0.004 0.006 0.008 
Strain
0.012
Figure 6.7 - Linear stress strain relationship of CFRP composites 
6.3 Non-linear numerical model for flexural elements
Using the material constitutive properties discussed in 6.2, a non-linear, 
numerical model was developed that would be able to predict the behaviour of 
RC elements that were strengthened with externally-bonded polymer composites. 
A numerical integration method was used to determine the behaviour of the 
concrete in both compression and tension, and this is further discussed in 
Sections 6.3.1 and 6.3.3.
The code for the numerical model was written in Visual Basic for Applications 
(VBA) and utilised Microsoft Excel as a "front-end", where the user can input 
the relevant variables pertaining to his or her particular element.
The model was designed to replicate the behaviour of the element from the 
initial, uncracked, elastic stage, through the elasto-plastic stage and beyond the
P. Davies-PhD Thesis, 2010 183
Chapter 6 Analytical Modelling
point of steel-yielding (if appropriate) to ultimate failure, providing a variety of 
data on the element performance, including both data tables and graphical 
representations.
Based on the theory that plane sections remain plane (illustrated in Figure 6.8), 
the model has been designed to be "strain driven"; that is, the progression of 
element behaviour from an unloaded section up to failure is governed by the 
progressive increase of compressive strain at the extreme compressive concrete 
fibre at the top of the element. This approach is necessary due to the non-linear 
nature of the compressive concrete stress/strain profile, which results in two 
potential strain values for some corresponding values of stress. This is illustrated 
in Figure 6.9. Subsequently, all strains for other sections of the element, together 
with the neutral axis depth 'x', are calculated based on linear strain relationships, 




Figure 6.8 - Stress/strain configuration for reinforced concrete beams with
externally-bonded FRP
For each increment of compressive strain, the model utilises a "balanced section" 
approach when determining the various parameters, enabling the neutral axis 
depth to be determined and, consequently, the strains and stresses at any depth in 
the section. This is achieved by setting the neutral axis depth to be equal to the
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section depth at the start of each analytical step and reducing it until the section 
becomes "balanced" with the specific amount of compressive strain at the 




Figure 6.9 - Problem of two strain values for the same value of compressive 
concrete stress, necessitating strain-driven model
The initial strain value assigned to the extreme compressive fibre determines the 
first set of values for the loaded element. This initial value is assigned by the 
user, who specifies an increment value that is used to increase the compressive 
strain value from zero to the point of element failure.
The following sections will detail how the numerical model calculates the 
properties of the various components, namely:
• concrete in compression
• steel in compression
• concrete in tension
• steel in tension
• FRP in tension
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6.3.1 Flexural concrete in compression
As stated above, the numerical model uses the principle of plane sections 
remaining plane and, consequently, once a neutral axis depth is found that results 
in a "balanced" section, strains at all other levels in the section can be calculated, 
by the use of simple similar triangle theory.
.e , 1A£ri = —— 6.10
In order to determine the total force from the concrete in compression, a non­ 
linear, numerical integration approach is adopted, which splits the compressive 
concrete strain into a number of "slices" (See Figure 6.10). For each of these 
slices the mean strain value can be calculated and then a stress value can be 
calculated, using equation 6.2 in Section 6.1.
Hence,
1=1
where: cc\ is the concrete compressive stress corresponding to the calculated 
strain for slice 'i'; 
Dy is the depth of slice 'i'; 
b is the breadth of the section.
In addition, for every slice, the distance from the neutral axis to the line of action 
can be calculated (yO, which allows the moment for each slice to be calculated 
and stored, thereby resulting not only in a total compressive force but also a total 
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Figure 6.10 - Stress profile calculation for concrete in compression 
6.3.2 Flexural steel in compression
To establish the total force from the reinforcing steel in compression, the strain 
profile determined previously is used to ascertain the compressive steel strain at 
the centre of the bars. Subsequently, the steel stress can be calculated and from 
this the compressive steel force is derived.
Hence, CSC = 6.13
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where: osc is the steel compressive stress corresponding to the calculated strain 
at the centre of the bars; 
AS' is the area of the compressive steel reinforcement.
The moment developed by the compressive steel force is calculated as follows:
Msc = [(cscMKx ~ d 1 )] 6.14
where: x is the depth to the neutral axis from the top of the section;
d' is the depth to the centre of the compression steel reinforcement from 
the top of the section.
6.3.3 Flexural concrete in tension
Using equations 6.4, 6.5 and 6.6, together with the same principle employed 
when determining the compressive concrete force (i.e. using a number of 'slices' 





where: oti is the concrete tensile stress corresponding to the calculated strain for
slice T;
Dy is the depth of slice T
b is the breadth of the section.
In addition, for every slice, the distance from the neutral axis to the line of action 
can be calculated (yi), which allows the moment for each slice to be calculated 
and stored, thereby resulting not only in a total compressive force but also a total 
moment for concrete in compression, 
i.e., ^-,
£=1
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Figure 6.11 - Stress profile calculation for concrete in tension
6.3.4 Flexural steel in tension
To establish the total force from the reinforcing steel in tension, the determined 
strain profile is used to ascertain the tensile strain at the centre of the steel bars 
and then the steel stress can be calculated. Subsequently, the tensile steel force is 
calculated.
Hence, TST = 6.17
where: asi is the tensile steel stress corresponding to the calculated strain at the 
centre of the bars 
AS is the cross-sectional area of the tensile steel reinforcement
The moment developed by the tensile steel force is calculated as follows:
Hence, 6.18
where: x is the depth to the neutral axis from the top of the section;
d is the depth to the centre of the tensile steel reinforcement from the top 
of the section.
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6.3.5 Flexural FRP in tension
Again, the established strain profile is used to determine the tensile strain in the 
bonded FRP layer, in order that the total tensile FRP force can be calculated. 
Additionally, the calculation for the moment developed by the tensile FRP force 
is given in Equation 6.20.
Hence, TFRPT = [{aFRPT}(AFRP }} 6.19
where: OFRPT is the tensile FRP stress corresponding to the calculated strain at the 
mid-depth of the FRP layer; 
AFRP is the cross-sectional area of the tensile FRP.
Hence, ., \ f ,,. >. (,, , , / tN\)l ,-~ A Mpopr = (oVnpTOCAfi.onMrh-x) + \-\\\ 6.20
where: x is the depth to the neutral axis from the top of the section; 
h is the total depth of the section; 
t is the thickness of the FRP layer .
6.3.6 Total section analysis
As can be seen from sections 6.3.1 to 6.3.5, by maintaining section equilibrium, 
the forces from the individual component materials can be calculated for each 
strain increment, 
i.e. CCc + C$c = TCT + TST + TFRPT 6.21
Subsequent to the calculation of strains, stresses, forces and moments for the 
section, it is possible to determine the curvature by the use of the following 
equality:
E- = °- 6.22 
R y
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- = K = - 6.23 
Then R y
Where: R is the radius of curvature; 
K is the element curvature;
y is the distance from the neutral axis to the soffit of the section, 
i.e. y = (h — x)
6.4 Section analysis
6.4.1 Control elements
The analytical model was run initially using the data pertaining to the control 
beams from each set of experimental tests. The model was able to calculate 
stresses, strains, neutral axis depth, compressive and tensile forces, moments and 
curvatures. The analytical failure moments for the control beams are contained 
in Table 6.2 below, together with the failure moments obtained from the 
experimental programme and the corresponding experimental and predicted 
failure modes.
In Figure 6.12, a comparison is shown between the profiles for the moment 
curvature data acquired from experimental data for 10CON against the data 
obtained for the same section from the numerical model. As can be seen, there is 
excellent parity between the two sets of data throughout the loading process. It 
should be noted that the failure moment from experimental data was actually 
16.3kNm, not 14.4kNm as shown on the graph; this is due to curvature 
information being unavailable for the ultimate loading stages of the experiment.
P. Davies-PhD Thesis, 2010
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In Figures 6.13(a) to (f) comparisons are shown for all of the control beams and 
slabs from the experimental programme, and it can be seen that there is excellent 
correlation between the actual elemental behaviour in the experimental 
programme and the results obtained from the numerical model. Additionally, 
there is very good correlation between the predicted failure mode and that 
observed in the experimental programme. Where the numerical model has 
predicted a steel-yielding failure, the observed failure mode is steel-yielding 
followed by concrete crushing; this is due to the situation during the experiments 
where when the reinforcing bars yielded the rotation caused the concrete to crush 
before the apparatus safety mode released the loading. However, the numerical 
model reports an element failure as soon as the steel yields.
Table 6.2 - Comparison of element failure moment and failure mode from 




















































000002 (100003 0.00004 0.00005 
Curvature(mm-l)
Figure 6.12 - Comparison of Moment curvature relationship for element 10CON
SY=Steel yield; CC=Concrete crushing; SY-CC=Steel yield followed by concrete crushing




































































































































































































































































































































































































































































































































































































































































Shown in Figures 6.14(a) to 6.20(d) are the moment curvature comparison 
graphs for all the strengthened elements; i.e. 8mm, 10mm, 12mm, 12mm 
doubly-reinforced and 16mm beams, together with the 8mm and 12mm 
reinforced slabs. Table 6.3 details the experimental and modelled ultimate 
moments and failure modes for the strengthened specimens.
As can be seen from the graphs, the moment curvature relationship obtained 
from the numerical model compares very favourably with the data obtained 
during the experimental programme. Some anomalies between the predicted and 
actual moment curvature relationship, where the two curves digress slightly 
(particularly as with 16CF1, 16CF2 and 16CF3) are due to the unpredictability of 
such elements that have been heavily over-reinforced with a combination of 
internal steel and bonded composites.
Additionally, as the model was not programmed to detect failure due to partial 
tearing-off of the concrete cover, for elements such as 12DCF1, 12DCF2 and 
12DCF3, the predicted failure mode was concrete crushing for 12DCF1 and 
debonding of the fibre composites for 12DCF2 and 12DCF3. For the latter two 
instances, the predicted ultimate moment is higher than that observed in the 
associated experiment; this is due to the inability to predict the premature, 
tearing-off failure that occurred. Hence, the numerical model did not detect 
element failure (due to compressive failure of the concrete) until a slightly higher 
load/moment.
6.4.3 Neutral axis depth - Control elements
Consider the control beam element with two 10mm diameter steel reinforcing 
bars. The moment at which the first crack appears can be determined from 
simple bending theory, utilising the transformed, equivalent concrete section as 
shown in Figure 6.21, and assuming the modular ratio, a, to be 4.8. By taking
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the first moment of area about the top of the beam, the depth to the neutral axis 
can be determined to be 102.4mm.
Table 6.3 - Comparison of element failure moment and failure mode from 





























































































































1 CC=Concrete crushing; SY-COSteel yield followed by concrete crushing;
FR=Fibre rupture; DB=De-bonding of CFRP; PTO=Premature tearing-off of concrete cover;
ECC=Explosive concrete crushing

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Chapter 6 Analytical Modelling
The second moment of area of the section can then be determined as follows:








Figure 6.21 - Transformed section for Control element with two 010mm reinforcing
bars
Subsequently, the moment at which cracking occurs can be calculated from:




M = 2.8(70.8 xlO6 ) 
97^6
M = 2.03xW6 Nmm
M = 2.03 kNm
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Figure 6.22 - Predicted neutral axis depth V against moment for 10CON
As can be seen from the graph in Figure 6.22, the numerical model predicted a 
linear elastic behaviour up to approximately 2.5kNm, when initial concrete 
tensile cracking occurs. This is higher than the calculated moment of 2.03kNm, 
however the numerical model is considered to be a more accurate representation 
of the behaviour of the section.
Just after the cracking of the concrete in tension, it can be seen that the depth of 
the neutral axis decreases rapidly, which indicates that the tensile stresses have 
been transferred to the reinforcing steel bars.
The next notable point occurs at a moment of around 15.6kNm, when the steel 
achieves its yield stress and element failure commences. Subsequently, the trend 
continues until the steel reaches its failure strain of 7000^8.
As can be seen, the results from the numerical model agree acceptably with those 
obtained during the experimental programme. In the laboratory, the first cracks 
were not visible until a load of lOkN had been achieved (equivalent to a moment
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of 2.9kNm); however, this is likely due to the size of the micro-cracking at low 
loads/moments hinders viewing with the naked eye.
6.4.4 Neutral axis depth - strengthened elements
As with the control beam discussed in 5.4.3, a 100mm x 200mm deep reinforced 
concrete beam with two, full-width layers of CFRP sheet adhered to the soffit is 
considered, but with two 12mm steel reinforcing bars. A revised transformed 
section is shown in Figure 6.23, with the same concrete/steel modular ratio, a, of 
4.8, but now also with a concrete/FRP modular ratio of P, given to be 6.1. Again, 
utilising simple bending theory and taking the first moment of area about the top 















(P)A FRP Transformed section
0
| Cover
Figure 6.23 - Transformed section for element with two 012mm reinforcing bars and
two, full-width layers of CFRP
The second moment of area of the section can then be determined as follows:
6.25
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100(104.3 3 ) 100(95.73 ) NA = ——— 3 ——— + —— ̂  —— - + 226.2(4.8 - 1)(75.7 2 )
+ {(33)(6.1)(200 - 104.3 - ̂
1NA = 71.9 x 10 6 mm4 
Subsequently, the moment at which cracking occurs can be calculated from:
— = - = M.
1 y y
2.8(71.9 xlO6 )M = —-——————- 
95.7
M = 2.10*106 Wmm 
=> M = 2.10 kNm
As can be seen from the graph in Figure 6.24, the numerical model predicted a 
linear elastic behaviour up to approximately 2.5kNm, when initial concrete 
tensile cracking occurs. This is higher than the calculated moment of 2.10kNm.
Just after the cracking of the concrete in tension, it can be seen that the depth of 
the neutral axis does not decrease as rapidly as with the previous, control 
example. This demonstrates the influence of the FRP strengthening in limiting 
the depth of the flexural cracking and, thereby, restricting the raising of the 
neutral axis as further loading is applied.
The next noteworthy point occurs at a moment of around 25kNm, when element 
failure commences.
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Figure 6.24 - Predicted neutral axis depth 'x' against moment for 12CF2
As with Section 6.4.3, the predicted results from the numerical model agree 
acceptably with those obtained during the experimental programme. In the 
laboratory, the first cracks were not visible until a load of llkN had been 
achieved (equivalent to a moment of 3.2kNm); however, as with all elements in 
the experimental programme, this is likely due to the size of the micro-cracking 
at low loads/moments hinders viewing with the naked eye.
6.5 Flexural rigidity
An important factor of any structural element, either normally-reinforced or 
strengthened with fibre composites, is its flexural rigidity, 'El'. The value of the 
flexural rigidity is easily available from the element moment curvature 
relationship behaviour, detailed in 6.4.
M _ E ^_^_ 7 = ~R ^ ~R~Tl
I M- = K => El = —
R K
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Consequently, the normalised non-dimensional stiffness can be determined as 
follows:
where; M is the moment
Mu is the ultimate or failure moment
K is the curvature
KU is the ultimate curvature
For strengthened elements, the value of El obviously rises, for all loading stages, 
as the amount of bonded fibre composites is increased, due to the nature of the 
fibre composites to be stiffer than either their steel or concrete counterparts. This 
has been demonstrated in the results from the experimental programme, 
illustrated by the example shown in Figure 6.25, where it can be seen that as 
increasing amounts of CFRP are bonded to the soffit of the beams reinforced 
with two 10mm bars, the element flexural stiffness increases, creating a 'fan' 
effect.
6.6 Element strain
The load-strain relationship predicted by the numerical model follows the same 
trend as that observed in the experimental programme, with a "fanning" effect. 
Figure 6.26 presents the load against strain curves for element 10CF2 (two 
010mm reinforcing bars and one layer of CFRP). It can be seen that there is 
very good agreement between the two sets of values.
P. Davies - PhD Thesis, 2010 209
Chapter 6 Analytical Modelling
30 3515 20 25 
Deflection (mm)
Figure 6.25 - 'Fan' effect of increasing flexural rigidity with increase in amount of 








-Concrete comprcssive strain - Numerical model
-Concretetcnsilcstrain - Experimental
-Concrete tensile strain - Numerical model
Figure 6.26 - Comparison of predicted and experimental element strains for 10CF1
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6.7 Load deflection relationships
In order to determine any deformation-based ductility indices, it is necessary to 
obtain the load against deformation curve for the element in question. As the 
numerical model produces predicted moment and curvature values for each 
element, it is possible to (a) determine the loads using the value of the moment 
and element loading geometry, and (b) derive the deflection behaviour directly 
from the curvature values, utilising the following relationship.
6.7.1 Derivation of deflection based on predicted curvature values
The deflection of an element can be calculated from Equation 6.26, using elastic 
bending theory :
6.26
Where M is the bending moment at a distance x.
vFor small deflections —f approximates to the curvature, which in turn is the
inverse of the radius of curvature, R. If Equation 6.26 is doubly-integrated, as 
follows, we obtain a generic expression for deflection, Equation 6.27.
dyMx+ A = EI-f- 
dx
but if the slope is zero at mid-span, where x = - , then
ML
ML dy=> MX - — = £/ —
2 dx
'Moselyetal. 1996
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Integrating for a second time gives:
Mx2 Mix =* —— ——— + B = EIy
However, at the left-hand support, where x=0, then y=0, so B=0
M 6 -27
As the maximum deflection will occur at mid-span, x — - , therefore:
6.28
L2
M EHowever, since in an uncracked section — = -'•
Substituting in Equation 6.29:
y-max ~
Consequently, it is possible to estimate the load deflection behaviour of any 
element from the predicted moment-curvature values obtained from the 
numerical model.
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6.7.2 Load deflection behaviour for flexural elements
Shown in Figure 6.27 are typical load deflection curves for the experimental and 
predicted behaviour of 10CF2. Subsequently, contained within Figures 6.28 (a) 
to 6.31 (d) are graphs illustrating the comparison between actual experimentally- 
measured deflection and that obtained from the numerical model data.
5 10 15 20 25 30 35 40
Deflection (mm)
Figure 6.27 - Comparison of experimental and predicted load deflection behaviour for
beam element 1OCF2
6.7.3 Load deflection behaviour for slab elements
Equation 6.30 can be presented in a more generic form, as shown in Equation 
6.31, where the constant of — - is replaced with K, representing a constant
8
specific to a particular type of element. As discussed in Section 4.1, all flexural 
elements are theoretically similar, despite the generic definitions of "beam" and 
"slab", which generally denote elements with differing amounts of steel 
reinforcement.
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6.31
However, it was also noted that such elements behave differently and, despite the 
slab elements with 012mm reinforcement having a reinforcement ratio higher 
than that of the beam elements reinforced with 08mm and 010mm bars, it was 
found that Equation 6.30 was unrepresentative of the load-deflection behaviour; 
specifically, the equation over-estimated the deflection for any given load by 
approximately 20%. Consequently, the value of K for all slab elements has been
amended to — (or 0.1), which gives very good correlation with the experimental
data. A typical load deflection comparison (for element 12SCF2) is given in 
Figure 6.32.
Subsequently, graphs illustrating the comparison between actual experimentally- 
measured deflection and that obtained from the numerical model data for all 
slabs are presented in Figures 6.33 (a) to (d) and 6.34 (a) to (d).
0 10 20 30 40 50 60 70 80 90 100
Deflection (mm)
Figure 6.32 - Comparison of experimental and predicted load deflection behaviour for
slab element 12SCF2
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CHAPTER? DUCTILITY AND DEFORMABILITY 
DETERMINATION AND OPTIMISATION 
OF FIBRE COMPOSITES STRENGTHENED 
REINFORCED CONCRETE STRUCTURES
7.1 Introduction
As reviewed in Section 1.4 and Chapter 2, the consideration of structural 
ductility is of predominant importance to all structural designers, since all 
appropriately designed structures should contain sufficient reserves of ductility, 
under ultimate loads, in order to provide adequate warning of impending failure 
and, hence, resist sudden and brittle collapse.
The concept is particularly applicable to RC beams and slabs and to prestressed 
concrete elements. During many experiments in RC beams strengthened by steel 
plate bonding, it became apparent that sudden peeling-off of the plates was one 
of the main causes of failure. This characteristic has many similarities with RC 
beams strengthened using Fibre Reinforced Polymers (FRP) composites.
From a practical and commercial viewpoint, there are ample cases where it may 
become necessary to strengthen a reinforced concrete member. Historically, this 
has been achieved using section enlargement or by bonding of steel plates to the 
tension surface. Over the past decade, FRP composites have increasingly been 
used in place of steel plates for external strengthening systems but designers have 
been cautious in deploying this methodology, partly due to the uncertainty of 
sudden failure. It is believed that FRP composites-strengthened, reinforced 
concrete elements behave differently from their steel reinforced counterparts, due 
to the primarily linear elastic stress/strain characteristics of FRP composites up to 
failure.
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The word ductility initiates from Latin ductilis and denotes the ability of metals 
and alloys to retain strength when their shape is altered due to applied stress. 
Today, the term is used to describe the ability of any material to sustain inelastic 
deformation before fracture. Concrete, in its natural form, is a brittle material but 
it is generally accepted that conventionally reinforced concrete members can 
attain suitable ductile behaviour by proper design and detailing of steel 
reinforcement. The yield point of steel is thus treated as an important datum 
beyond which inelastic deformation of the RC member takes place, thus enabling 
the full stress and strain capacity of concrete to be developed before ultimate 
failure.
Since the early 1990s, the feasibility of using FRP reinforcement instead of the 
conventional steel reinforcing bars has been widely researched, (Clarke et al.). 
The question of ductility for FRP reinforced concrete elements has been a topic 
of debate among many researchers; Saadatmanesh et al. (1998), Naaman et al. 
(1995) and Oehlers et al. (2008). Despite these attempts to address the issue of 
post-elastic behaviour, there is to date, still a distinctive lack of general 
agreement as to how the ductility characteristics of such elements may be 
quantified and analysed.
With regard to the ductility of FRP strengthened RC elements, there have been 
relatively fewer research activities focused on this important area. Yet, 
consideration of structural ductility is of predominant importance to any 
structural designer, as all appropriately designed structures should attain 
sufficiently ductile behaviour under ultimate load conditions. The reason for 
suitable ductility is threefold:
• Firstly, it is to ensure that there is a mechanism of redistribution of 
internal actions in a statically indeterminate structure. This is when parts 
of the element reach the ultimate capacity, and hence allow plastic hinges 
to be formed.
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• Secondly, it is universally agreed that ductile structures can provide 
sufficient pre-warning to final state of collapse, so as to prevent the 
structure from sudden and brittle failure at ultimate limit state (ULS).
• Finally, the ability to absorb energy; e.g. seismic loading conditions.
7.2 Outline of chapter
In this chapter, the brief review of the current popular methods for ductility 
calculation will be carried out, followed by an initial comparative study, in which 
the suitability of these methods when applied to FRP composites strengthened 
RC elements will be evaluated.
Subsequently, a modification is proposed to the energy-based ductility 
calculation method, suggested by Naaman et al., which results in more accurate 
approximations of the stored elastic energy at failure in FRP composites 
strengthened RC elements, and this is supported by an evaluation of both 
methods utilising data available from the candidate's experimental programme.
Following this, ductility and deformability indices are calculated and evaluated, 
first for the elements in the experimental programme and, subsequently, for all 
elements contained within the comparative study, together with additional 
elements from published data. This enables a comparison to be made of the 
effectiveness of the various methods in predicting possible non-ductile element 
failure.
Finally, the results of the study are summarised and a suitable minimum value for 
the ductility index is proposed that will ensure ductile behaviour from an element 
externally strengthened with FRP composites.
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7.3 Current methods for ductility calculation
As discussed in Chapter 2, there are currently a number of different methods for 
calculating the ductility of fibre composites strengthened, reinforced concrete 
structures. These methods primarily centre around two distinct methodologies - 
either using deformation-based data or energy-based data.
7.3.1 Deformation-based methods
As previously presented in Section 2.2, the following is a summary of the most 
widely used methods for calculating ductility from deformation-based data:
Deflection-based ductility (Spadea et al. 1998), //A:
Au
to=f 7.1 "y
where; Au is the maximum mid-span deflection at ultimate limit state
Ay is the maximum mid-span deflection at the point where the internal 
steel reinforcement yields
Also, there is the method proposed by Tann (2001), where the deformation at the 
serviceability load ( A s ) is used in place of that at the steel reinforcement yield
point, together with the corresponding deformation at 95% of the ultimate load. 
This was termed the 'deformability index', (ptf.
. <Pdf = ——— 7.2
where; Ao.95U is the maximum mid-span deflection at 95% of the ultimate load
As is the maximum mid-span deflection at serviceability loading (Tann, 
2001)
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7.3.2 Energy -based methods
Energy-based ductility (Bencardino et al. 2002),
Eu
where; Eu is the energy under the load-deflection curve at ultimate limit state
Ey is the energy under the load-deflection curve up to the point of 
yielding of internal steel reinforcement
Energy-based ductility (Naaman et at., 1995), <PE:
7.4
where; Etot is the energy under the load-deflection curve at ultimate limit state 
Eei is the elastic stored energy
7.4 Initial comparative study
In order to determine the suitability of the existing ductility evaluation methods, 
when applied to reinforced concrete elements strengthened with FRP composites, 
an initial comparative study was undertaken. The study involved the 
consideration of a number of criteria including consistency of prediction, 
volatility of data, ease of application in practice, and accuracy.
Experimental results from a number of published sources were used to evaluate 
the effectiveness of the various methods for determining the ductility indices. A 
comprehensive list of the element data is presented in Table 7.2, with the 
corresponding calculated indices and failure modes detailed in Table 7.3.
* Chajes et a/.(1995); Quantrill et o/.(1995); Chajes et o/.(1998); Grace et a/.(1999); Tumialan et 
a/.(1999); Ahmed et a/.(2001); Almusallam et a/.(2001); Spadea et a/.(2001); Tann(2001); 
Bencardino et a/.(2002)
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The values of indices for UA, <pdf, UE and cpE (Equations 7.1, 7.2, 7.3 and 7.4 
respectively) for members that had exhibited a 'brittle' failure mode, were 
analysed to determine whether there was an apparent trend in the calculated 
values.
As can be seen in Table 7.3, the various methods produce markedly different 
results for the ductility index for any given element; e.g. element 4, where the 
index value varies from 2.75 to 7.81, and element 34, where the indices vary 
from 2.45 to 10.14. Further analysis shows that the method utilising the 
serviceability load, 9^, has a significantly lower standard deviation, therefore 
demonstrating a more consistent set of results. The mean, high and low values 
for the calculated indices, together with the standard deviation, are detailed in 
Table 7.1.
Both deformation-based methods displayed good correlation between data (see 
Figure 7.1), with slightly better congruence between the deformation methods 
(87% correlation) than the energy methods (81% correlation).






































Of the two energy based methods, the first (//£•) produced a much larger variance 
in the ductility index values. This particular method appears especially sensitive 
to sections that are over-reinforced with FRP, as the energy at yield can be
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relatively small compared to the total energy and, hence, generate a large (and 
probably misleading) value for the ductility index.
15 20 25 30 35 40 45 50
10 15 20 25 30 35 40 45 50
Note: Non-correlation circled thus «.._ _ J"V»
Figure 7.1 - Correlation of results between various ductility determination
methods
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f C - Carbon fibre composites; G - Glass fibre composites; A - Aramid fibre composites; 
F - Fabric; P - Plate
P. Davies - PhD Thesis, 2010 228
Chapter 7 Ductility and deformability determination and optimisation of fibre composites 
______________________ strengthened reinforced concrete structures







































































































































































































































































































































































1 Note that figures in parentheses and italics are from the published paper, all other values are calculated 
5 SY-Steel yield; FR-Fibre rupture; PTO-Partial tearing-off of concrete cover; 
DB Fibre debonding; CC-Concrete crushing
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7.5 Modification to Naaman et a/.'s approach
The method for the determination of stored elastic energy at failure developed by 
Naaman et al. and discussed in 2.3.3, has limitations in that it is designed to be 
applied to sections that have been internally reinforced with FRP reinforcement, 
rather than to elements already internally reinforced with steel bars but also 
strengthened with externally-bonded fibre reinforced polymer sheets or plates. 
Consequently, the existing approach does not take into account the additional 
stored elastic energy that is inherent in strengthened elements in the latter stages 
of loading.
During the execution of the experimental programme, it was possible to unload 
numerous elements to near zero loading just prior to failure, thereby enabling an 
accurate representation of the unloading curve to be obtained. This, in turn, 
allowed the stored elastic energy in the element to be closely estimated, as it is 
determined by calculating the area underneath the unloading curve.
A modification could then be made to Naaman et a/.'s approach that takes into 
consideration the additional stored elastic energy developed in any FRP 
strengthened element during the latter stages of loading.
The first aspect of this modified approach involves the incorporation of a third 
slope, Sj, when calculating the slope of the estimated unloading curve, as shown 
in Equation (7.5) and Figure 7.2:
Pl Sl +(P1 -Pl )S2 +(Pv -P2 )S3————p . 7 - 5
rv
All strengthened elements display an approximately tri-linear behavioural pattern 
when presented as either load deflection or moment curvature graphs, in a similar 
way to normally-reinforced concrete elements. However, whereas normal RC 
sections tend to display a very flattened behaviour following yielding of the
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internal steel, sections strengthened with externally-bonded FRP composites 
exhibit a far steeper (and therefore stiffer) behaviour after the internal steel 
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'elastic energy at failure
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Deflection (mm)
Figure 7.2 - Modification of Naaman et al. approach utilising a third slope, 83
This revised, empirical approach will yield an adjusted value for the estimated 
stored elastic energy, E'ei, which can then be used to calculate the modified 
ductility index <p 3S as follows:
7.6
As stated previously, it is proposed that the third slope, 83, be considered when 
approximating Ee iastic, to take into account the additional elastic energy being 
stored in the element during the latter stages of loading and this method has been 
shown to yield accurate results for the estimation of stored elastic energy, which 
is further discussed in the following sections.
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In order to test the method, an analysis has been carried out using the data 
obtained for 10CF2, the element with two 10mm internal reinforcing bars and 
strengthened with two-layers of externally-bonded CFRP sheets.
7.5.1 Analysis of 10CF2 using Naaman et o/.'s approach
From analysis of the load deflection graph (Figure 7.3) the following can be 
calculated:
P 92^ = — = 18.4
<? 0.5
(P2 -P} ) (67.2-9.2)
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5 82 8U Deflection (mm)
Figure 7.3 - Load deflection plot for 10CF2 detailing calculation of slope S
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7.5.2 Analysis of 10CF2 using proposed modified approach
From analysis of the load deflection graph (Figure 7.4) the following can be 
calculated:
S} = 18.4, S, = 5.0 (Previously calculated)
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Figure 7.4 - Load deflection plot for 10CF2 detailing calculation of slope S'
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7.5.3 Analysis using unloading curve obtained during experiment
It can be seen from the load deflection plot in Figure 7.5 that the beam was 
unloaded at 75kN, just prior to failure at the ultimate load of SO.OkN. The slope 
of this unloading curve can be duplicated onto the failure point and gives a value 
for 8 of approximately 8.4mm.
15 20 
Deflection (mm)
Figure 7.5 - Experimental load deflection plot for 10CF2 showing unloading
curve
It is evident that the proposed method for estimating the stored elastic energy at 
failure compares far more favourably to the actual, experimental value. The 
magnitude of the value obtained through the modified approach is within 2.1% of 
that derived from experimental data, whilst the value obtained from the original 
Naaman et al. method differs by more than 13%. Additionally, the modified 
approach, as well as giving a closer approximation, also gives a slightly larger 
value for Ee ], which allows for a more conservative estimate if utilising this 
approach during a design approach.
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7.5.4 Substantiation of modified 3-slope approach for estimation of stored 
elastic energy
Following the initial study, as detailed in 7.3.1 to 7.3.3, further investigations 
were carried out on additional element data from the experimental programme, 
where an actual unloading curve was available close to or at the point of failure. 
This was possible for a further nine beams and the results from the analysis are 
shown in Table 7.4. It can be seen that for all the elements analysed, the 
modified method yields far more accurate results for the stored elastic energy at 
failure. An increased accuracy in the prediction of stored elastic energy will 
then, obviously, also result in a more reliable calculation of the associated 
energy-based ductility index, be it the method put forward by Naaman et al. or 
the modified 3-slope approach.
Figure 7.6 presents a graphical representation of the results, showing the better 
correlation with actual experimental values for stored elastic energy prediction 
for the modified 3-slope method.
Table 7.4 - Comparison of actual stored elastic energy with predicted stored elastic 
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I Actual elastic energy
Prediction from modified 3-slope method 
• Prediction from Naaman and Jeong
8CF1 8CF2 8CF3 10CF1 10CF2 10CF3 12CF1 12CF2 12CF3 16CF3
Element reference
Figure 7.6 - Comparison of Modified 3-slope method and Naaman et al. method 
with actual stored elastic energy from experimental programme
7.6 Ductility and deformability indices from current research 
programme
Contained in Table 7.5 are the calculated ductility indices for all the elements, 
both beams and slabs, tested during the experimental programme, together with 
the ultimate moment and observed failure mode.
In Figures 7.7 to 7.10 are presented the plots of index value against failure mode 
for the four preferred ductility index calculation methods described earlier in this 
chapter, for all the beams tested in the experimental programme; the energy- 
based method detailed in Equation 7.3 has been discounted, due to the 
inappropriateness of this method when applied to fibre-composites-strengthened, 
as discussed in Section 7.2. On each graph is shown the minimum, maximum 
and average index value for the particular method in question. Presented in 
Figure 7.11 is a comparison of the average ductility index value against failure 
mode for all four methods.
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From Figure 7.11, it can be seen that the modified three-slope method gives a 
much clearer numerical difference between what is considered a preferable 
failure mode (i.e. one where there is a suitable level of ductility) and those "non- 
preferable" failure modes, where sudden or brittle failure occurs, with no 
warning of impending failure. It is clear that the modified method is far more 
reliable at predicting a ductile failure mode and, additionally, it can be seen that 
there is far better consistency with the index values for undesirable failure 
modes.








































































































































































































** Note: CC=Concrete crushing; SY-CC=Steel yield followed by concrete crushing; FR=Fibre 
rupture; DB=De-bonding of CFRP; PTO=Premature tearing-off of concrete cover; 
ECC=Explosive concrete crushing
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SY-CC DB-PTO FR FR-PTO PTO
Failure mode
DB CC ECC
Figure 7.7 - Plot of ductility index against failure mode for /^ (Equation 7.1) for 
elements from current research programme
SY-CC DB-PTO FR FR-PTO PTO
Failure mode
CC ECC
Figure 7.8 - Plot of ductility index against failure mode for <p E (Equation 7.4) for 
elements from current research programme
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SY-CC DB-PTO FR-PTO PTO 
Failure mode
DB CC ECC
Figure 7.9 - Plot of deformability index against failure mode for tpdf (Equation 
7.2) for elements from current research programme
SY-CC DB-PTO FR FR-PTO PTO 
Failure mode
CC ECC
Figure 7.10 - Plot of ductility index against failure mode for cp 3S (Equation 7.6) 
for elements from current research programme
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SY-CC DB-PTO ECC
Failure mode
Figure 7.11 - Plot of ductility/deformability index against failure mode for all 
four methods for elements from current research programme
7.7 Ductility and deformability indices from study of published data
If the four methods are now applied to all the elements contained within the 
comparative study of published data discussed in Section 7.2, it can be seen that 
there is a definite difference between the index value for ductile and non-ductile 
failure modes for all methods. Presented in Figures 7.12 to 7.15 are the 
maximum, minimum and average indices for all four methods. Figure 7.16 
displays a comparison of the average index values for the different failure modes 
for all four methods.
In addition to the elements contained within the original comparative study 
(detailed in Section 7.4), additional elements from further published datatf have 
been included, which include a number of normally-reinforced, un-strengthened, 
"control" elements, in order that a more comprehensive approach to the
Maalej et a/. (2005); Wenwei et al. (2005); Esfahani et al. (2006); Oehlers et al. (2008)
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optimisation of the various methods can be adopted. The details for these 
additional elements are presented in Tables 7.6 and 7.7.
It is apparent that there is a far larger difference between the ductile and non- 
ductile indices for the modified 3-slope method than for any of the alternatives. 
Additionally, there is far greater consistency for those indices representing non- 
ductile failure modes for the modified approach.



































































Maalej et al. 
(2005)
Wenwei et al. 
(2005)
Esfahani et al. 
(2006)











































































































C - Carbon fibre composites; F - Fabric; P - Plate
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§§ SY-Steel yield; FR-Fibre rupture; PTO-Partial tearing-off of concrete cover; 
DB-Fibre debonding; CC-Concrete crushing
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o.oo
SY/CC PTO DB 
Failure mode
CC ECC
Figure 7.12 - Plot of ductility index against failure mode for ^ (Equation 7.1) 
for elements from parametric study
0.50
0.00
SY/CC FR PTO DB 
Failure mode
CC ECC
Figure 7.13 - Plot of ductility index against failure mode for (p E (Equation 7.4) 
for elements from parametric study
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SY/CC FR PTO DB 
Failure mode
CC ECC
7. 14 - Plot of deformability index against failure mode for <pdf (Equation 










SY/CC FR PTO DB 
Failure mode
CC ECC
Figure 7.15 - Plot of ductility index against failure mode for 935 (Equation 7.6) 
for elements from parametric study
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3.50
3.00
SY/CC PTO DB 
Failure mode
CC ECC
Figure 7.16 - Plot of ductility/deformability index against failure mode for all 
four methods for elements from parametric study
As can be seen in Figure 7.16, the values of the indices for ductile and non- 
ductile failure modes derived from the modified 3-slope method, vary by a larger 
margin than for the other methods. For the modified approach, there is a 
difference of 46% between the indices for the two types of failure, whereas for 
the other methods the difference is between 7% and 39%.
7.8 Relationship between deformability and ductility
The relationship between the deformability (cpdf) and ductility ((p3S) can be 
represented by the ratio X, where:
<Pdf
(7.7)
When calculated, this ratio can be seen to be closely related to the failure mode. 
For example, as presented in Figure 7.17, for the elements contained within the
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experimental programme it can be seen that the ratio approaches unity for 
elements considered to have a ductile failure mode. It is also evident that as the 











SY-CC FR PTO 
Failure mode
DB CC/ECC
Figure 7.17 - Relationships between failure mode and deformability/ductility
ratio
Additionally, as can be seen in Figure 7.18, the ratio between deformability 
index and ductility index increases with an increase in the total equivalent steel 
reinforcement ratio (TESR)nt . This is expected, as an increase in the value of 
TESR is linked to a more brittle, and hence undesirable, failure mode, due to the 
increased stiffness in what are essentially progressively over-strengthened 
elements.
"* Note: SY-COSteel yield followed by concrete crushing; FR=Fibre rupture; PTOPremarure 
tearing-off of concrete cover; DB=De-bonding of CFRP; E/CC=Explosive/Concrete crushing 
m See Section 7.8.1
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7.8.1 Total equivalent steel-reinforcement ratio (TESR)
Due to the variable properties of different types of composite fibres, an attempt 
has been made to represent the total amount of cross-section tensile 
reinforcement (both steel and composites) with a single parametric entity called 
the Total Equivalent Steel-reinforcement Ratio (TESR).
7.8.1.1 Calculation of TESR
The TESR is determined by first calculating the area of composite material as an 
equivalent amount of steel, using the modular ratio a as shown in Eqn. (7.8), and 
then expressing the total equivalent amount of steel as a percentage of the total 




7.8.1.2 Influences of TESR
It can be shown that increases in the RC element stiffness can be associated with 
high values of TESR. However, it is also true that significant increases in TESR 
result in a higher probability of the occurrence of an unacceptable failure mode, 
such as tearing-off of concrete cover or explosive concrete crushing.
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0.5 0.7 0.9 1.1 1.3 1.5
Total equivalent steel ratio (TESR) (%)
1.7 1.9
Figure 7.18 - Relationship between ratio of ductility to deformability index, A, 
and Total Equivalent Steel reinforcement Ratio (TESR)
7.9 Summary
It can be seen from Section 7.5 that the proposed modified 3-slope approach 
yields a far more accurate prediction of the stored elastic energy within a CFRP 
strengthened element at ultimate limit state. The method proposed by Naaman et 
al. was originally developed to analyse elements with internal, pre-stressed FRP 
tendons and can significantly underestimate the stored elastic energy carried at 
the point of failure by those elements strengthened with FRP sheets or plates. It 
is therefore proposed by the candidate that the modified 3-slope method be 
employed when calculating the stored elastic energy in a structural element, 
particularly when calculating energy-based ductility indices.
Sections 7.6 and 7.7 dealt with the correlation between calculated 
ductility/deformability indices and failure modes. It was apparent that all 
methods displayed a decrease in the value of the index between preferable, 
ductile failure modes and those failure modes that are undesirable; i.e. non- 
ductile or "brittle". However, the proposed, modified 3-slope method
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demonstrates a larger difference in value between the desirable and non-desirable 
failure modes for all elements considered, both those in the experimental 
programme and those in the wider study of published data; a difference of 46%, 
compared with an average difference of 37% for the other methods.
3.00 i
2.50
1 Average ductile index value
I Average non-ductile index value
0.00
uA (pE cpdf 
Ductility/Deformability Index Method
cp3S
Figure 7.19 - Comparison of ductile and non-ductile index values for all methods
Consequently, it is proposed by the candidate that the modified 3-slope method 
for energy-based ductility is used to calculate ductility indices for strengthened 
elements. Moreover, the candidate would suggest that for this method an index 
value of 1.7 should be used as a minimum value to promote sufficiently ductile 
behaviour from any designed externally-FRP-strengthened structural element, 
with a further recommendation that a value of 1.9 is desirable to ensure ductile 
failure. These values are suggested as they are appreciably (and consequently 
more conservatively) higher than the lowest value from the additional elements 
analysed from published data (1.67) and also the value of 1.9 is higher than the 
minimum index value for suitably ductile failure from the elements contained 
within the experimental programme (1.89). Additionally, the value of 1.7 is 
higher than the largest average value for any of the undesirable failure modes for 
both sets of elements (1.61 and 1.47 respectively).
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CHAPTER 8 CRACK PATTERNS AND PREDICTION 
FOR FIBRE COMPOSITES 
STRENGTHENED RC ELEMENTS
8.1 Crack patterns
As can be seen from the results presented in Section 4.10, crack propagation in 
strengthened elements differs significantly from that of normally-reinforced 
elements. This is to be expected as strengthened elements can be considerably 
stiffer than their non-strengthened counterparts, which understandably affects 
their behaviour under loading.
Kong et al. (1987) state that the failure of normally-reinforced beams is 
characterised by extensive concrete cracking, significant deformations and 
suitably ductile behaviour to warn of impending failure. The extensive cracking 
mentioned refers to the long and wide cracking expected in normally reinforced 
elements. However, the crack patterns of elements strengthened with FRP 
composites and/or with high levels of Total Equivalent Steel-reinforcement Ratio 
(TESR) differ greatly from this and have been observed on elements tested as 
part of the experimental programme. Initially, the load at which the first surface 
crack was able to be observed was seen to increase.
In addition to this, presented in Figures 8.1(a) to 8.4(c) are illustrations of the 
cracking patterns observed for control elements and strengthened elements from 
two of the experimental beam sets. It can be seen that beams with high levels of 
FRP composites strengthening display two further significant changes in 
observed surface crack patterns at later loading stages approaching element 
failure:
a) the number of cracks increases
b) the average crack length decreases

























































































































































































































































































































































































































































































































































































































































































































































































































































The reason for this is that the presence of the fibre composites helps to better 
distribute the tensile forces at the soffit of the element, which results in a 
reduction of the width and length of cracks that would normally be expected in 
an un-strengthened element.
Additionally, in beams with high levels of bonded FRP composites, the amount 
and severity of shear cracking was increased, which in some cases resulted in the 
failure of the element due to tearing-off of the concrete cover, initiated at the 
extreme edge of the composite sheet with a shear crack. An example of this can 
be seen in Figure 8.5, where the failure of 10CF3, the element with two 10mm 
steel reinforcing bars and three layers of CFRP sheet, was initiated at the extreme 
end of the sheet with a shear crack, which then propagated along the level of the 
internal steel reinforcement. It should also be noted that in all tests of 
strengthened elements resulting in this type of failure, no shear cracking was 
observed beyond the end of the sheet.
8.2 Theoretical crack prediction
The theoretical average surface crack width for a conventionally reinforced 
concrete beam can be calculated from the following equation, taken from BS 
8110, Part 2 (1985):
Design surface crack width, Wav - ——-——————-
In — c \ C 11 + 2 - C^\ 8 ' 1
where: acr is the distance from the point considered to the surface of the nearest 
longitudinal bar;
em is the average strain at the level where the cracking is being 
considered;
cmin is the minimum cover to the tension steel; 
h is the overall depth of the member; 
x is the depth of the neutral axis.
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Using the above equation, it has been possible to calculate the theoretical crack 
width for control members at serviceability loading, which, for the purposes of 
this exercise, has been estimated at 67% of ultimate load (0.67PU ), as shown in 
Table 8.1.
Figure 8.5(a) - Initiation of tearing-off of concrete cover at FRP composites 
sheet edge with shear crack, just prior to element failure
Figure 8.5(b) - Element failure due to partial tearing-off of concrete cover 
caused by shear cracking at end of FRP composites sheet
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8.2.1 Example calculation for 0 8mm reinforced control slab element:
Assuming it was required to determine the average crack width at the 
soffit of the slab,
Distance from crack location to edge of nearest reinforcement, acr=22.8
mm
sm can be obtained by using equation 8.2*:
-
— tj i , , O.ji,
] 3Es As (d-x)
-,————r——
(d-x)E^ ' s
Firstly, it is necessary to determine the depth of the neutral axis, 'x':
-bx2 + — Ax-^A d = Q 8.4 
2 E'E'




fcu = 38.1 N/mm2 ; fy=573 N/mm2 ; Es=205,000 N/mm2 ; Ec=40.66 N/mm2
'Mosdyetal, 1999; BS8110-2:1985
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2 V ' ^ 40.66 / ' ^ 40.66, 
=>250jt 2 +1013.4*-82085.7 = 0
?.4) + A/(l013.42 )-4(250X-82085 J) 
X ~ 2(250)
Serviceability load = 10.7kN, from Table 8.1.
M. =0.95| —— 1 = 5. \kNrn
f Ms 5.bdO 6 „,„„, 2 /, = 7———£r— = 7—————r—— = 335.627V/ mm 2




_ x'fo'-x) = _3 (500XlOO-16.2XlOO-16.2) 
m ' 3^^(^-^) ' 3(205000X201X81-16.2)
= 2.1x10-3- 35U22° =1.66.10^ 
8010252000
3a £ 3(22.8)(l.66xlO-3 ) 0.113544 W,u = ——H^*——- = V ,*„ .^ = . ,0. = 0.096mm1+2ri2̂ iii^ i - 186
UOO-16.2
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From Figure 4.59(d), it can be seen that the experimental average crack width for 
the control slab is 0.12mm, which gives acceptable correlation with the 
theoretical value.
8.2.2 Example calculation for 0 10mm reinforced control beam element:
Again, assuming it is required to determine the average crack width at the 
soffit of the element,
Distance from crack location to edge of nearest reinforcement, acr=23.3 
mm
sm can be obtained by using equation 8.2^ 
Determine the depth of the neutral axis, 'x':
(8.5)




fcu = 51.5 N/mm2 ; fy=573 N/mm7 ; Es=205,000 N/mm"; Ec=42.0 N/mir/
1 Mosely et al, 1999; BS8110-2:1985
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2.0 2.0
•50* 2 + 766.3*-133337.9 = 0
(157)(174) =V '
_ -(7663)± V(766.3'M50X-133337.9) = 
2(50)
Serviceability load = 37.9kN, from Table 4.2.
M = 0.5751
Ms 10.9jcl0 6 .„.,,, 2 r—— = 457.5N/mm
-
/ \ —— / \ -\
(d-x)E, (174- 44.5) 205*10 3
_ ^'-^) = 26g;clo -3 100(200-44.5X200-44.5) 
m ' 3£,4(t/-x) ' 3(205000X157X174-44.5)
- 2418°25 -= 2.68.10-- = 2.48.10 
12.504xl0
W _ .. 073352"
OO-44.5
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From Figure 4.54(d), we can see that the experimental average crack width for 
the control beam is 0.12mm, which again gives acceptable correlation with the 
theoretical value.
Further calculations were carried out on the remaining control elements and all 
the results are presented in Table 8.2, together with the concrete strain value at 
serviceability loading, em , required to perform the calculations. It can be seen 
that there is very good correlation between the calculated values and those 
derived from the experimental results - this is demonstrated further in Figure 8.6.
However, this method of crack prediction has been developed for normally 
reinforced RC elements and, as such, may not be appropriate for elements 
strengthened with carbon fibre composites. This is further discussed in Section 
8.3.
Table 8.2 - Theoretical and experimental average crack widths at serviceability 










































8.3 Crack prediction for strengthened elements
As mentioned previously, the method detailed in 8.2.1 and 8.2.2 does not take 
into account the change in element behaviour due to the presence of any
No experimental data available
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strengthening material, such as bonded carbon fibres composites sheets and 
plates. It is, therefore, necessary to develop a revised method of crack width 
prediction for elements strengthened with carbon fibre composites.
It has been observed that the crack patterns in FRP-strengthened elements differ 
from those of non-strengthened elements in that the cracks are shorter, more 
numerous and more closely spaced. It is the consideration of the candidate that 
this is due to the presence of the composites (either sheets or plates), which help 
to distribute the stresses present during loading across the element soffit.
0.16 • Calculated crack width




Figure 8.6 - Comparison of calculated and experimental crack widths for 
normally-reinforced, "control" elements
If the equations discussed in 8.2.1 and 8.2.2 are applied to the strengthened 
elements in the experimental programme, the calculated results are as presented 
in Table 8.3, together with the actual average crack widths derived from the 
experimental data.
P. Davies-PhD Thesis, 2010 263
Chapter 8 Crack Prediction
Table 8.3 - Theoretical and experimental average crack widths at serviceability 
























































































It can be seen from Figure 8.7 that in almost every case the standard method of 
crack width calculation over-estimates the value of crack width. The only 
exception is for two of the beams reinforced with two 016mm steel bars and 
strengthened with carbon fibre composites sheets. As has been discussed 
previously, the amount of tensile over-strengthening in this series of elements 
makes their behaviour highly unpredictable and would, hence, account for their
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apparent move away from the trend shown by the other elements. Consequently, 
these elements have been discounted in the calculation of the following revised 
method for average crack width for strengthened elements.
0.25 T
Calculated crack width 
Experimental crack width
Element reference
Figure 8.7 - Comparison of calculated and experimental crack widths for
strengthened elements
Therefore, an analysis of the average crack widths at serviceability loading was 
carried out for all beam elements in the experimental programme. It was found 
that better correlation could be obtained if account was taken of the amount of 
bonded fibre composites when considered as a percentage of the total cross- 
sectional area. Equation 8.6 represents the revised method for average crack 
width calculation.
Revised design surface crack width,




where y is the cross-sectional area of bonded fibre composites as a percentage of 
the total element cross-sectional area.
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This revised method yields a much closer relationship between the predicted 
crack width and the actual experimental values.
Following is an example crack width calculation for element 8CF3, using the 
revised method:
WFRP = ———,acr£™ c . . - (0.01^ + 0.07}
1 i 7 ( ucr cmm\i+z V h-x )
=> WFRP = 0.136 - (0.01(0.247) + 0.07} 
Where;
0.136 has been previously calculated for the element (See Table 8.3); 
v|/ is calculated as the cross-sectional area of bonded fibre composites as a 
percentage of the total element cross-sectional area (0.247).
=> WFRP = 0.136 - (0.01(0.247) -I- 0.07} 
=> wFRP = 0.066mm
As can be seen from Figure 8.8 and Table 8.4, the correlation between the 
predicted and actual average crack width is noticeably improved. However, it is 
the consideration of the candidate that further investigation is required in order to 
confirm the reliability of the revised method and possibly increase the accuracy.
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Table 8.4 - Theoretical and experimental average crack widths at serviceability 















Calculated average crack 
































Revised method for crack width calculation
Calculated crack width from current method
8CF1 8CF2 8CF3 10CF1 IOCF2 10CF3 
Element reference
12CF1 12CF3
Figure 8.8 - Comparison of calculated and experimental crack widths for 
strengthened elements together with values from revised method
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CHAPTER 9 DISCUSSIONS, CONCLUSIONS AND 
RECOMMENDATIONS
9.1 General discussions
A wide-ranging review of current literature on the subject of ductility and 
deformability found a distinct lack of specific guidelines and assistance with 
regards to FRP-strengthened, reinforced concrete structures, with the bulk of the 
published literature concentrating on concrete elements that have been reinforced 
with FRP bars or rods.
Consequently, a comprehensive series of experimental and numerical analytical 
investigations were performed, in order that the inherent ductility in FRP 
strengthened reinforced concrete elements could be better quantified and, hence, 
taken into consideration in the design process by means of a ductility or 
deformability index.
It was shown from the tests carried out in the experimental programme that 
elements strengthened with externally-bonded FRP composites display a 
significantly increased element stiffness together with a corresponding increase 
in the load-carrying capacity of the element in question, when compared to the 
unstrengthened counterpart. This confirms the views of other published sources^ 
Additionally, it was seen that the increase in load-carrying capacity from 
applying externally-bonded fibre composites is appreciably higher for elements 
with lower levels of internal steel reinforcement. For example, elements 8CF2 
and 8SCP2, with internal steel reinforcement ratios of 0.50% and 0.40%, 
displayed increases in load-carrying capacity of 78% and 172% respectively. 
Conversely, element 16CF3, with an internal steel reinforcement ratio of 2.01%,
f Meier et al. 1992; Chajes et al. 1994 & 1995; Hutchinson et al. 1996; Shahawy et al. 1996; 
Takeda et al. 1996; Tumialan et al. 1999; Ramana et al. 2000; Tann et al. 2000; Leung 2002; 
Maalej et al. 2005; Tann 2005; Oehlers et al. 2006; Esfahani et al. 2007; Oehlers et al. 2008
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demonstrated a strength increase of only 3%; this is in agreement with published 
sources .
Additionally, it was seen that there is an optimum level of reinforcement, above 
which the benefits of strengthening are lost. This was evident with all element 
sets, with the exception of those with p=2.01% (16mm reinforced beams); this 
disparity with other element sets is due to the unpredictability of the behavioural 
characteristics of such elements with high levels of internal steel reinforcement. 
It was evident that for all other element sets, the increase in load-carrying 
capacity, over that demonstrated by the control element for the set in question, 
reached a peak and then dropped off at the highest levels of strengthening. As an 
example, the elements with an internal steel reinforcement ratio of p=0.79% 
(10mm reinforced beams) displayed increases of 11% and 42% for one layer and 
two layers of bonded CFRP composites respectively. However, the element with 
three layers of bonded CFRP displayed an increase of only 24%. This 
corresponds with published sources^ and is worthy of further investigation to 
determine whether or not there is a generic limit to the beneficial level of 
strengthening for any reinforced concrete element, although this was outside the 
remit of the current research programme.
The load strain relationships of strengthened elements in Chapter 4 demonstrated 
that the surface strain for elements where debonding was the failure mode, the 
recorded FRP composites surface strain was consistently below 7000us. This 
point is important as the value is significantly lower than the current strain limit 
recommended in published guidance of 8000|ae**. This point obviously requires 
further investigation and this is a recommendation of the candidate in section 9.3.
In Chapter 5, a method of deflection prediction for fibre composites strengthened 
elements was considered. This can be of considerable importance when 
attempting to determine the ductility or deformability of such elements, as many
} Hutchinson et al. 1996; Arduini et al. 1997
s Arduini et al. 1997; Andreou et al. 2000; Tann 2001
" TR55
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of the main deformation-based indices rely on the load deflection behaviour of 
the element in question^. As discussed, the method developed is semi-empirical 
and based on an original method developed by Tann (2003). Originally, the 
method was developed for slab elements and, despite beam and slab elements 
being theoretically identical, it has been discussed previously" that the two types 
of element behave in significantly different ways. Consequently, the original 
approach did not display a suitable level of accuracy when determining the 
deflection of beam elements and, subsequently, a method was developed to 
predict the element deflection for such elements. It was shown, by comparison 
to published data§§ , that the proposed method was a reliable technique that will 
be useful to engineers wishing to predict the load deflection relationship of fibre- 
composites strengthened elements.
The numerical modelling carried out, and covered in Chapter 6, was primarily 
successful, except for where the failure mode was premature due to tearing-off of 
the concrete cover, a situation it was not programmed to detect. In such cases, 
the model assumed that the element retained its structural integrity and, 
therefore, the predicted failure moment was higher than that observed in the 
experimental programme and the predicted failure mode was different. For 
example, with element 12DCF2, where the actual experimental failure mode was 
partial tearing-off of the concrete cover at a moment of 27.3kNm, the model 
recorded a higher failure moment of 28.1kNm, by which time the element was 
predicted to have failed by crushing of the concrete in the compressive zone. 
Nevertheless, for the majority of cases, the numerical model not only predicted 
the failure mode and moment but also accurately predicted the moment 
curvature, load deflection, neutral axis depth and load strain behaviour for the 
entire loading cycle.
The ductility and deformability of elements strengthened by externally-bonded 
fibre composites was covered in Chapter 7. It was discussed that the
Spadea et al. 1998; Tann 2001; Bencardino et al. 2002
See Section 4.1
Tann 2001; Maalej et al. 2005; Wenwei et al. 2005; Esfahani et al. 2007
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investigation of ductility issues with regard to FRP composites strengthened 
elements was limited, despite the consideration of structural ductility being of 
predominant importance to structural design. The main current methods for 
ductility determination were discussed and it was shown that they centre around 
two main categories; namely deformation-based and energy-based methods. By 
using a comparative study of published data to evaluate the different approaches, 
it was shown that the energy-based methods demonstrated a more consistent set 
of results. This is in keeping with previous published sources, who generally 
agreed that energy-based methods generate more consistent results** .
Additionally, the energy-based methods are not reliant on the determination of 
the point at which the internal steel reinforcement yields; this is an area of 
significant concern for the deformation-based methods. Of the energy-based 
methods, it was shown that the one developed by Naaman et al. (1995) produced 
the most consistent results. However, this method was developed for elements 
internally reinforced with FRP reinforcement, rather than elements strengthened 
with externally-bonded composites, and relied on the estimation of the stored 
elastic energy in the element at failure. Consequently, a new method was 
developed, based on Naaman et a/.'s approach, which enabled accurate 
estimation of the stored elastic energy in strengthened elements and, 
subsequently, a reliable ductility index based on this estimation. The method is 
represented by two equations, replicated here for ease of reference as equations 
9. land 9.2:
Where: S is the slope of the unloading line
Si, 82 and S3 are the slopes of the three loading slopes 
P], P2 and P3 are the corresponding loads
"" Spadea et al. 1998; Naaman et al. 1995; Swamy et al. 1997; Oehlers 2006; Matthys et al. 2006
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Where: Etot is the total energy under the load deflection curve 
E'ei is the estimated stored elastic energy
Further to the development of this new approach, a comprehensive investigation 
was carried out, whereby it was determined that in order for a designer to 
promote sufficient levels of ductility in an element strengthened with externally- 
bonded fibre composites, a value of 1 .7 for the ductility index should be attained, 
with a further recommendation that to ensure ductile behaviour, a value of 1.9 is 
desirable. These values concur with published sources on a suitable value for the 
value of the ductility index in order to ensure acceptably mild failuretn . 
Additionally, these values, when applied to the developed method for ductility 
index calculation, will give designers a reliable means of promoting ductile 
behaviour in fibre composites strengthened elements.
In Chapter 8, crack propagation of crack widths for elements with externally- 
bonded fibre composites was investigated. It had already been shown in Chapter 
4 that the occurrence of surface cracking in strengthened elements varied 
considerably from that of their unstrengthened counterparts. The main 
differences for strengthened elements can be summarised as follows and are 
attributable to the ability of the FRP composites to better distribute the stress in 
the element soffit, resulting in a more consistent crack distribution:
• There is a higher number of surface cracks
• Both the maximum and average crack lengths are shorter
• The average crack width is smaller
Subsequently, it was noted that the normal method for the determination of crack 
widths*** was inaccurate when applied to elements with externally-bonded fibre
m Tann 2005; Matthys et al. 2006 
m BS 8110, Part 2 (1985)
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composites and resulted in a consistent over-estimation of the crack width for 
such elements. This is not unexpected as the method takes no account of the 
presence of the FRP composites and, subsequently, the estimated crack widths 
are calculated as if the element is normally reinforced with no strengthening.
Consequently, a method was developed which took into account the amount of 
FRP composites present in any strengthened element. The method was 
calibrated against elements from the experimental programme and it was shown 
that the accuracy of the proposed approach produced a considerably improved 
accuracy for the crack widths of tested strengthened elements.
The candidate has addressed all the objectives of his research and feels that there 
is a contribution to knowledge in advancing the understanding of how fibre 
reinforced polymers can be used in the strengthening of reinforced concrete 
structures whilst maintaining a level of structural ductility that is necessary to 
ensure predictable and gradual modes of failure.
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9.2 Summary of conclusions
The limitations of current methods of determining the ductility index of fibre 
reinforced composites strengthened RC elements were discussed in Chapter 2. It 
was noted that the most common methods for calculating ductility indices relied 
on the determination of the point at which the internal steel reinforcement yields, 
which is difficult due to the primarily elastic behaviour exhibited by fibre- 
composites-strengthened RC elements. The most reliable form of index 
determination was an approach developed by Naaman et al. (1995) but even this 
method has limitations as it depends on the establishment of the stored elastic 
energy in a strengthened element at ultimate limit state and was originally 
developed for members that have been internally reinforced with pre-stressed 
FRP tendons.
Consequently, it was felt that there was a need for a more reliable method of 
determining the ductility index of elements externally strengthened with fibre 
composites and, furthermore, that any developed method should be energy-based 
in its approach.
The main conclusions drawn from the research are presented below: 
9.2.1 Failure modes
It was noted in Chapter 4 that there are a number of ways in which a reinforced 
concrete element that has been strengthened with fibre composites, can fail. The 
categories of failure mode are presented below, together with a description of the 
associated manner in which the element failure occurs, a diagram of the failure 
mode and a photograph of an example from the experimental programme.
9.2.1.1 Steel yield and concrete crushing
The internal steel reinforcement yields, which is then followed by compressivc 
failure of the concrete at the extreme compressive fibre of the element. This type
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of failure is expected for a balanced, normally-reinforced (i.e. non-strengthened) 
element.
9.2.1.2 Fibre rupture
Excessive deformation occurs and failure of the FRP composites takes place. It 
should be noted that not all fibres may reach ultimate limit state at the same time, 
which can result in a more gradual release of the stored elastic energy. This took 
place during the failure of beam 8CF1, where distinct sounds of fibres snapping 






Figure 9.1 - Diagram of fibre rupture failure
Figure 9.2 - Photograph of typical fibre rupture failure 
(Experimental element 10CF1)
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9.2.1.3 Fibre delamination
The adhesive bond between the fibre and the concrete substrate fails, resulting in 
a peeling off of the fibre composite sheet or plate along part or all of its length. 
This normally initiates at the end of the sheet or plate but in some cases can start 
elsewhere and propagate in two directions until failure occurs. Additionally, it is 
often the case that a delamination failure, as it propagates along the length of the 
beam, will become a tearing-off type failure. This occurs when the delaminating 
fibre composite sheet encounters a crack that is severe enough to allow the 
concrete cover to be torn away from the soffit of the beam, whilst remaining 






Figure 9.3 - Diagram of fibre debonding/delamination failure
Figure 9.4 - Photograph of typical dcbonding failure with partial tearing-offof 
concrete cover (Experimental element 10CF2)
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9.2.1.4 Tearing-off of concrete cover
The concrete cover; i.e. that concrete between the reinforcement and the element 
soffit, tears away from the element. This type of failure normally occurs when 
there is excessive shear cracking in the element at high loads, which leads to a 
"joining up" of these shear cracks into a horizontal tearing-off failure.
Internal steel 
reinforcement
Concrete cover breaks 
away whilst still attached to 
fibre composite sheet
Figure 9.5 - Diagram of tearing-off of concrete cover failure
Figure 9.6 - Photograph of typical tearing-off of concrete cover failure 
(Experimental element 12DCF3)
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9.2.1.5 Sudden concrete compressive failure
When an element is over-reinforced and/or over-strengthened in tension, the 
development of high compressive stresses in the compressive concrete zone 
results in a sudden, sometimes "explosive", compressive failure of the concrete. 
In this type of failure, neither the steel reinforcement nor the FRP strengthening 
has been fully utilised; in fact, the internal steel reinforcement has not normally 





Figure 9.7 - Diagram of sudden compressive concrete failure
Figure 9.8 - Photograph of typical sudden compressive concrete failure 
(Experimental element 16CF2)
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9.2.2 Deflection prediction
In Chapter 5 a semi-empirical method for the prediction of deflections in fibre- 
composites-strengthened RC beams was discussed. A previously published 
method by Tann (2003) produced good results for slab elements but over­ 
estimated the magnitude of deflections for beam elements.
Consequently, a revised method was developed, based initially on a revised 
method of predicting the second moment of area, I, of a strengthened beam, 
throughout the loading cycle. This revision amended the influence of the fibre 
composites and resulted in good correlation when compared with elements from 
the experimental programme. Subsequently, a new equation for deflection 
prediction was developed and checked against elements both from the 
experimental programme and from published data, which can reliably establish 
the deflection of fibre-composites-strengthened RC elements. The new method 
produced good quality results and will enable engineers to accurately predict the 
load deflection behaviour of RC beams that have been strengthened with fibre 
composites.
9.2.3 Ductility and deformability
Chapter 7 discussed the current methods for the calculation of ductility and 
deformability indices and also introduced a new, energy-based method for 
calculating the ductility index for a fibre-composites-strengthened RC element, 
based on Naaman et al.'s approach for elements with internal, pre-stressed FRP 
tendons. The new method contained an improved procedure for estimating the 
stored elastic energy in a fibre composites strengthened element at ultimate limit 
state.
A comparative study was carried out and it was found that the new method 
yielded values for ductility indices that were not only more consistent but also 
resulted in a larger difference between those indices for elements considered to
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be ductile and other elements where the type of failure would be sudden or 
"brittle".
Subsequently, it is proposed by the candidate that the new, modified 3-slope 
approach is used to calculate ductility indices for fibre-composites-strengthened 
RC elements and, in addition, it is recommended that an index value of 1.7 is 
used as a minimum value to promote sufficiently ductile failure, with a further 
recommendation that a value of 1.9 is desirable to ensure ductile behaviour.
9.2.4 Crack patterns and prediction for fibre-composites-strengthened RC 
elements
A study was made of the cracking patterns of fibre-composites-strengthened RC 
elements and a comparison made with their normally-reinforced counterparts. It 
was shown that there are two main differences in the way in which cracks 
develop in the two types of elements. Firstly, in strengthened elements, there is a 
higher crack density as the loading increases; this is unlike normally reinforced 
elements, where the number of cracks stabilises and, subsequently, the crack 
widths increase. Secondly, the average length of the cracks is reduced in 
strengthened elements. In addition, due to both the high number of cracks at the 
latter loading stages and also the reduction in deformation due to the presence of 
the bonded fibre composites, the average crack width was seen to be markedly 
reduced.
Subsequently, a new method has been developed that can predict the average 
crack width for fibre-composites-strengthened RC elements.
9.3 Suggested further work
Despite the extensive experimental work carried out, there remain areas where 
there remain issues that still need to be addressed. Firstly, the non-linear model 
is only applicable in the constant moment zone and takes no account of the shear
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stresses that occur in loaded elements. Consequently, it is desirable to develop 
the model to take into account these shear forces together with the bending 
moments.
As seen in the results from the experimental programme and further discussed in 
Section 9.1, there would appear to be a level of externally-bonded fibre 
composites above which the benefits of the strengthening are diminish. Further 
investigations are required to determine if there is a generic level of 
strengthening for any reinforced concrete element with externally-bonded fibre 
composites.
As discussed in Section 4.7, the FRP surface strains for the elements exhibiting a 
debonding mode of failure were significantly below the current design 
recommendation to prevent such failures; i.e. a limit of 8000(j.£ on the strain in 
the FRP. The results from the experimental programme suggest that debonding 
failure can occur at considerably lower levels of FRP surface strain and, hence, 
further investigation is needed to determine whether or not a revised value needs 
to be developed.
The deflection prediction model for strengthened beam elements, discussed in 
Chapter 5, has only been calibrated against the beam elements in the 
experimental programme and, consequently, it would be advantageous to apply 
the method to further strengthened elements, in order to confirm the validity and 
accuracy of the model.
Finally, the new method for calculating the crack widths of strengthened beam 
elements has again been calibrated only against the elements in the experimental 
programme and it is the considered view of the candidate that further 
comparisons are made with crack data from additional tested elements in order 
that the reliability of the method can be confirmed.
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This paper discusses the definition of, and the distinction 
between, deformability and ductility of reinforced 
concrete (RC) beams that are strengthened by advanced 
composites. The study examines the suitability of a new, 
design-based method for the determination of 
deformability, as well as an energy-based process, which 
is found to be suitable for quantifying the ductility levels 
of fibre-reinforced polymer (FRP)-strengthened RC 
members. Ten FRP-strengthened RC beams and four 
slabs have been load-tested to ultimate failure in the 
current study. The test results, together with the load- 
deflection data of an additional 26 beams from 
literature, form the basis of analyses and discussions. The 
paper concludes that high deformability does not 
necessarily lead to good ductility, as very brittle failure 
modes of such beams have been observed in the 
experimental studies and reported in literature. It was 
found that a ductility index of between 2-0 and 2-5 
reflects 25-33% of elastic energy stored in the 
strengthened system. This level of elastic energy is 
considered to be the maximum acceptable in FRP- 
strengthened concrete flexural elements for ductile 
behaviour. It was also found that for ductile failure 
modes the deformability and ductility indices tend to 
converge, whereas for brittle behaviour the 
deformability index could be up to 33% higher. The 
results presented in this paper provide a rationale for 
the ductility considerations to be incorporated into the 
development of design equations for FRP strengthening.
NOTATION
A-s total equivalent steel reinforcement area 
cross-sectional area of FRP composites 
area of steel reinforcement 
width of beam 
effective depth 
elastic energy
elastic modulus of FRP composites 
elastic modulus of steel 
total energy
28-day concrete cube strength 
overall depth of beam 
modular ratio — £,,/£, 
ultimate failure load
Ws service load (defined as 0-67 Pu )
x neutral axis depth
a reinforcement position constant — (h - x)l(d - .r)
A09 s generic element deformation at 95»/o of peak load
A,, generic element deformation at peak load
A s generic element deformation at service load
Au generic element deformation at ultimate failure
(Vgs deflection at 95°/o of peak load
(X deflection at service load
d u deflection at ultimate load
A ratio of deformability index to ductility index
- 0clf /0(lu
total equivalent steel reinforcement ratio 
external FRP reinforcement ratio 




The word 'ductility' originates from the Latin duclilis, which 
means the ability of metals and alloys to retain strength and 
freedom from cracks when their shape is altered as a result of 
applied stress. Today, it is used to describe the ability of any 
material to sustain inelastic deformation before fracture. 
Concrete is a brittle material, but it is generally accepted that 
conventionally reinforced concrete (RC) members can attain 
suitable ductile behaviour by proper design and detailing of 
steel reinforcement. The yield point of steel is thus treated as 
an important datum beyond which inelastic deformation of the 
RC member takes place, thus enabling the full stress and strain 
capacity of concrete to be developed before ultimate failure.
Since the early 1990s, the viability of using non-metallic fibre- 
reinforced polymer (FRP) reinforcement instead of 
conventional steel reinforcing bars has been widely 
researched, and the question of ductility for FRP-reinforced 
concrete elements has been a topic of debate among many 
researchers. Despite these attempts to address the issue, 
there is, to date, still a distinct lack of general agreement as to 
how the ductility characteristics of such elements may be 
quantified and analysed. As for the ductility of FRP- 
strengthened RC elements, there have been relatively fewer 
research activities focused on this important area.' Yet 
consideration of structural ductility is of predominant
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importance to any structural designer, as all appropriately 
deigned structures should attain sufficiently ductile behaviour 
under ultimate load conditions. The reason for this is twofold: 
first, to ensure the redistribution of internal forces in a 
statically indeterminate structure, when parts of it reach the 
ultimate capacity, and hence to allow the formation of plastic 
hinges. Second, ductile structures can provide sufficient 
warning prior to ultimate failure, so as to prevent the structure 
from sudden and brittle failure at ultimate limit state (ULS).
2. TRADITIONAL METHODS FOR DUCTILITY 
CALCULATION
From a structural designer's viewpoint, ductility has been 
traditionally defined as the ability of a structure to sustain 
deformation before its failure under ultimate load. Kemp 
described ductility as the 'inelastic rotations through which 
critically stressed regions of a beam can deform in flexure 
before a loss of moment capacity occurs'. It has been generally 
accepted that ductility can be measured by a dimensionless 
factor, often referred to as the ductility index, in several 
different forms within two broad categories.
2.1. Deformation-based ductility
The deformation-based ductility index, 0 d , of a structural 
element is determined as the ultimate deformation, Au , divided 
by the corresponding value of deformation at the material yield 
point, Ay
0 =
yielding of the internal steel bars on the load-deflection 
behaviour of the member are less apparent. The above 
statement is particularly applicable to heavily FRP- 
strengthened flexural members. Shown in Fig. 1 is a 
comparison of a typical load-deflection response of an under- 
reinforced beam with that of a similar beam strengthened by a 
high-strength, pultruded carbon FRP (CFRP) plate, based on 
laboratory test results conducted by the authors.
As is illustrated, the conventional RC beam has a clear 
reduction of slope at the steel yield stage (point 2 on the 
curve). The FRP-strengthened beam shows no such apparent 
behaviour, even though a numerical calculation would indicate 
that the internal steel has indeed yielded. Such behaviour is 
due to the presence of the FRP composites, which 'take over' 
from the internal reinforcement and sustain the level of 
stiffness in the strengthened system after the yielding of the 
steel.
2.4. Deformability of FRP-strengthened elements
An alternative terminology should be used to define the 
deformation characteristics of FRP-strengthened flexural 
members. The term rotational capacity can be used to 
distinguish the ability of a member to deform from its ductility, 
as was suggested by Lees. However, this term could be 
misinterpreted as to referring only to the rotation of the beam 
and not to deflection or strain deformation. A more appropriate 
description is therefore needed for loaded FRP-strengthened 
elements undergoing large deformations but not necessarily 
displaying high ductility. The authors suggest that the term 
deformabilitv index should be used.
The yield point, in the case of RC elements, is the point when 
the steel reinforcement starts yielding for under-reinforced 
sections. The term of deformation is a generic description of 
deflection, rotation, curvature or compressive strains.
2.2. Energy-based ductility
In this approach the total strain energy of a deformed element 
may be divided by the energy value at a reference point that is 
equivalent to the reinforcement yield stage. The quantity of 
energy may be obtained by integrating the area under the 
load-deflection curves of the beam considered. This approach 
is in fact a variant of the deformation-based method. Both 
depend on the clear identification of the point of reinforcement 
yielding for the evaluation of ductility, and should lead to 
exactly the same value of ductility index for an ideal elastic- 
plastic material.
2.3. Typical load-deformation of FRP-strengthened RC
elements
ForRC members strengthened by externally bonded FRP 
composites, the structural ductility can no longer be expected 
to be reasonably assessed by any of the above traditional 
methods. This is rlue lo the difficulty in identifying the stage of 
'Menial steel reinforcement yielding, as the load-deflection 
curve of FRP-strengthened flexural members may not exhibit 
a " apparent change of slope when ihe steel has yielded. The 
Presence of the externally bonded composites can, when in full 
composite action and subject to high loading, contribute 
s'Rnifiranily more to Ihe member's load resistance than thai of 
'to internal steel reinforcement. As a result, the effects of
The deformability index, 0,if, may be defined as the ratio of 
ultimate deformation to the deformation at a reference point. 
For FRP-strengthened flexural elements, this may be written as 
follows
i
In the above equation, A0 9s is the generic deformation at 95% 
of the peak load, which may comprise deflection, rotation, 
curvature or compressive strains. The corresponding 
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Fig. I. Load-deflection of conventional and FRP-strengthened 
RC beams
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figure of 95% of peak load is suggested, as it has been 
observed during the laboratory tests that the ultimate 
deflection in the beams could be greatly influenced by the 
loading rate and general configuration of the testing system, 
especially for displacement control loading regime. As a result, 
the ductility index at 100% of ultimate load could up to four to 
five times that of the same beam at 95% of peak load. With 
regard to the reference point, after careful consideration and 
comparison with other alternatives, it was found that the 
deformation corresponding to the service load (Ws ) is best 
suited to be the denominator for the deformability index 
calculation. In the special case of equalised dead and imposed 
load, Ws is 67% of the design ultimate load. Consequently, for 
the purpose of calculating deformability index in the current 
study, the service load is thus assumed to be 67% of the 
ultimate value. This simplification of the quantity of service 
load is considered reasonable and unlikely to cause significant 
difference to the deformability analyses. For example, if the 
imposed load is significantly reduced, say, to 50% of the dead 
load, then the amount of service load is still approximately 
68°/o of the maximum ultimate design load under the limit state 
design principles.
2.5. Ductility formulation for FRP-strengthened 
elements
An energy-based method for determining ductility was first 
proposed by Naaman and Jeong, expressed by the following 
equation, where £,,„ and £,,] are the total and elastic energy 
respectively
o:
Although the equation was originally intended for RC members 
with internal FRP reinforcement, it is also applicable to 
members externally strengthened with FRPs. For an ideal 
elastic-plastic material, it yields exactly the same value as 
equation (1). For materials such as FRP composites, with linear 
stress-strain responses up to failure, A u equals Ay , and the 
ductility index from both equations (1) and (3) becomes unity, 
indicating that the element possesses virtually no ductility.
Grace el al. 4 used an energy ratio method to quantify the 
ductility of FRP-reinforced beams, where the energy ratio is 
defined as the ratio of inelastic energy to total energy. The 
authors argued that, if the energy ratio is 75% or greater, then 
the beam will exhibit a ductile failure. Fundamentally, there is 
no difference from the Naaman and Jeong' procedure, as 
Grace's method is in effect a reversed form of this approach. If 
the energy ratio is 75%, then E,,,,/£(.| would be 1/(1 - 0-75) - 
4, and the ductility index as determined by equation (3) would 
be 2-5, which is naturally an indication of acceptable ductility 
level.
However, the accuracy of the above method relies on the clear 
identification of the elastic portion of the energy, and in 
practice this is difficult for FRP-slrengthened members as the 
unloading-deflection curves are not always obtainable. 
Naaman and Jeong' suggested that the elastic energy could he 
estimated using an equivalent triangle area under the load- 
defleclion curve. The two initial slopes ,S", and S, (with the
corresponding loads of P, and P,} of the load-deflection curve 
were weighted to define a slope S for the equivalent unloading 
response, as shown in Fig. 2
P,S, + (P, - P,)S2
This empirical approach, although still somewhat arbitrary, 
leads to a reasonable set of results. It is therefore recommended 
that, before a more rigorous approach for the determination of 
elastic energy is developed, Naaman and Jeong's method 
should be used to calculale structural ductility for FRP- 
strengthened RC members.
3. NUMERICAL VERIFICATION
In limit state design of flexural RC members, the ductility 
aspects are not usually evaluated directly by designers but are 
incorporated in the simplified design equations. BS 81 10, for 
example, requires that all RC beams and slabs be designed as 
'under-reinforced' sections by limiting the neutral axis depth to 
various values. This ensures that the section is sufficiently 
ductile for moment redistribution and will provide a warning 
before ultimate failure. For FRP-strengthened flexural 
elements, the principles of'under-strengthening' should still 
apply, so that sufficient ductility may be intrinsic in the 
strengthened system. However, the current available design 
guidelines ' do not make specific provisions for ductility 
considerations. In such cases it is more difficult to define a 
generic 'balanced-strengthening' scenario than for 
conventional RC members because of the large variation of 
FRP material properties. It is therefore essential to establish 
what constitutes an 'acceptable' value of ductility index for an 
FRP-strengthened member and to identify the corresponding 
failure mode. Subsequently, the design equations for 
strengthening works can be derived.
In order to test the validity of equations (2) and (3), and to 
establish a suitable range of ductility indices related to various 
failure modes, the authors compiled a comprehensive 
database of 75 FRP-slrengthened RC beams. The original 
data were all extracted from a series of technical reports, 
journal publications and theses. Of these 75 beams, however,
Loading Actual unloading
23456 
Maximum span deflection mm
Fig. 2. Estimated elastic stored energy in FRP-strengthened 
RC elements
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only 26 were found to contain sufficient information that 
could be used to process the load-deflection characteristics 
and the associated failure mode. These were then divided into 




Note, however, that no photographic evidence was available, 
and these classifications of failure modes were based on the 
current authors' interpretation of the various descriptions in 
the original papers.
Table 1 lists the salient element data of these 26 beams. Also 
included in the table is the total equivalent steel reinforcement 
ratio, Pr,: which is determined as follows
bh
where the equivalent steel area, /\,,s — A^ + umAf, defined as 
the actual steel reinforcement area plus the cross-sectional area 
of the FRP composites multiplied by the modular ratio m — 
£f/Fs , and the constant n = (h - x)l(d - x] compensate for the 
different FRP and internal reinforcement positions. For 
convenience of calculation, « is taken as 1-1 in the current 
study.
The total equivalent steel reinforcement (TESR) ratio serves 
only as a rough indication of the total reinforcement level, and 
it should be noted that material incompatibilities result in 
different failure mechanisms. FRP composites with large failure 
strains (say >l-5%) are unlikely to reach the ultimate tensile 
strength in a flexural strengthening system, as other forms of 
failure, such as (a) premature debonding, (b) concrete crushing, 
(c) lateral shear failure and (d) excessive cracking, would 
almost certainly have occurred before. ~ All FRP-strengthened 
beams and slabs should, ideally, be designed so that complete 
flexural failure is ensured at the ultimate limit state rather than 
the premature failure modes outlined above. However, the 
method of deformability and ductility analyses in the current 
paper is valid for all flexural members even if premature 
failure occurs. Once the premature failure load is estimated, the 
serviceability-based deformability index can always be 
determined using equation (2). The ductility index of such 
members, as calculated by equation (3), will be expected to 
have low values approaching unity. In the current review, only 
beams with typical flexural failure modes were included.
Based on the original load-deflection data and graphs, the 
rurrent authors attempted to calculate the ductility indices for 
all beams using various traditional methods. The results, as 
"peeled, appeared to be inconsistent and scattered, which 
confirms (he invalidity of the conventional approaches. The 
Proposed equations (2) and (3) were then used to determine the 
deformability and ductility indices ofihe above 26 beams 
respectively. The results, as shown in the lasl two columns of 
Tal) le 1, illustrate a satisfyingly consistent variation between 
"if two indices and the corresponding failure modes.
3.1. Ductile failure mode
In this case, the load-deflection variation of the six beams 
showed similarities with the unstrengthened RC control beam. 
With certain exceptions, most of the failures were initiated by 
steel yielding and followed by the rupture of FRP composites, 
which mirrored the typical failure cases with conventional 
under-reinforced beams. The average TESR ratio for this group 
was 0-93%. The average deformability and ductility indices are 
2-50 and 2-59 respectively. From equation (2), the value of 2-50 
can be interpreted such that a beam would be able to sustain a 
potential 150% of the serviceability deformation before the 
ultimate failure takes place. The ductility index of 2-59 from 
equation (3) suggests that the elastic portion of the energy is 
23-9%, which is released once ultimate failure occurs. This can 
be regarded, clearly, as a 'reasonable' standard of ductile 
behaviour for FRP-strengthened flexural elements.
3.2. Near-ductile failure mode
The nine beams in this category generally exhibited relatively 
'mild' behaviour at ultimate failure: no 'explosive' types of 
failure mode had been reported. The average TESR ratio was 
1-11%: this is 19% higher than that of the ductile beams, and 
can be regarded as a 'balanced' section. The average 
deformability and ductility indices are 2-27 and 1-94 
respectively, which indicates a 127% deformation extension 
after serviceability, and 34-7% of elastic energy release at 
ultimate failure.
3.3. Brittle failure mode
A sharp reduction in both deformability (1-71) and ductility 
(1-35) indices was evident for the eleven beams in this group. 
Physically, this implies that only 71% of serviceability 
deformation can be expected beyond the normal working load 
of the beams, whereas, at ultimate failure, 58-8°/o of the energy 
in the strengthened member is estimated to be elastic (to be 
released at the instant of beam failure), resulting in a brittle 
characteristic. The reported failure modes were, indeed, either 
of an explosive type of concrete crushing or premature tearing- 
off of concrete cover, which was seen to be even more sudden 
and brittle. The average TESR ratio for this group is 1-51%, 
which is indicative of'over-strengthening'.
Figure 3 shows three distinct failure modes with the 
corresponding levels of deformability and ductility indices. It is 
clear that, for a brittle failure mechanism, the ductility index 
has a low value of 1-35, whereas this value increases to 2-59 
for the ductile failure.
4. EXPERIMENTAL PROGRAMME
In order to further demonstrate the relationship between 
ductility and deformability, the authors conducted a two-phase 
experimental study. In Phase 1, ten FRP-strengthened RC 
beams, together with a control beam, were tested to ultimate 
failure. All beams were 2-6 m long with an effective span of 
2-4 m, and the cross-section was 100 mm by 200 mm. Two 
high-yield, 10 mm diameter bars were used as tension 
reinforcement (A^ — 0-785°/o, f\ — 560 N/mm ), and 6 mm 
diameter links at 100 mm centres were placed in the shear 
spans. A four-point load configuration was employed, wilh the 
space between the two point loads being 1-25 m. All FRP 
composite lengths were set at 2-20 m-that is, with the end of 
the sheet 100 mm from each support.

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Fig. 3. Relationship between deformability/ductility indk 
failure mode
In phase 2, four simply supported RC slabs (3-0 m long by 
0-5 m wide and 0-1 m overall depth) were tested. All slabs were 
identically reinforced with four high-yield bars of 8 mm 
diameter (A s = 0-402%). One slab was used as a control (SC), 
one was externally bonded with three 100 mm wide CFRP 
fabric strips (S3), and the other two were bonded with one 
layer (SI) and three layers (S2) of CFRP sheets respectively, 
covering the full width of the slab. The load configurations of 
the beams and slabs are illustrated in Figs 4 and 5 respectively.
4.1. Test results of the beams
A summary of the beam test results is given in Table 2 together 
with the main material properties. The maximum span 
deflections of all beams at 95°/o and 67% of the ultimate load 
were obtained from the load-deflection curves as shown 
in Figs 6 and 7. Using equations (2)-(4), the deformability 
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Fig. S. Loading configuration for testing slabs j^R^B
It can be seen that, for all beams strengthened by the pultruded 
CFRP plates (Al -A5), the deformability index ranges from 1-57 
to 1-70. This indicates that the above beams can be expected to 
sustain further deformation of between 57°/o and 70°/o of the 
corresponding values at the service load level before ultimate 
failure takes place. With an average deformability index of 
1-65, beams Al to A5 failed in the brittle, premature tearing- 
off mode. Group B beams have an average deformability index 
of 2-11 and failed relatively more mildly, even though concrete 
compression failure occurred in some of them. This reaffirms 
that, in order to avoid extremely brittle failure, a minimum 
deformability index of 2-5 is desirable (see section 3-1).
As for the state of ductility, these results clearly show that the 
energy-based ductility indices reflect the beam behaviour more 
realistically, as they take account of the unconsumed, elastic, 
stored strain energy at the failure stage. Upon comparison, it is 
apparent that the ductility index generally has a smaller value 
than the deformability index if the failure is of a non-ductile 
nature. Beams with large deformability index, such as beam 
B3, do not necessarily behave in a ductile manner, as the 
ductility index could be much lower. For all group A beams, 
the ductility index ranges from 1-17 to 1-32 with an average of 
1-24. This relatively low figure suggests that approximately 
68% of the elastic stored energy has to be released at the 
instant of failure, and, naturally, a brittle failure mode should 
be expected. It was indeed the case that all group A beams 
failed in an extremely brittle manner.
The single CFRP fabric layer strengthened series B beams had 
an average ductility index of 1-75, which was 41% higher than 
the group A average, and an index range of 1-32- 1-97. This 
confirms the laboratory observations that the failures in this 
group of beams, as expected, had reduced brittleness compared 
with those of group A beams. The above characteristics can be 
considered as near-ductile behaviour, and the authors suggest 
that, for practical strengthening design purposes, a ductility 
index of 2-0 can be accepted as the minimum value, with 2-5 
remaining as the desired value.
4.2. Test results for RC slabs
The material properties of the four test slabs are listed in Table 
4, and Table 5 shows a summary of the data for the main test 
results. The load-deflection graphs are shown in Fig. 8.
The ultimate load-carrying capacities of the three CFRP- 
strengthened slabs SI, S2 and Si increased by lf>S%, 4S8%
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Beam ref. Concrete fcu : 
N/mm 2
Externally bonded FRP 
composites
CFRP type* A p : mm
Failure at ultimate limit state














































































*CFRP type: A, 1-6 mm thick plate, UTS fpu - 1500 MPa, Elastic modulus £ - 125 GPa; C,
0-14 mm thick fabric sheets, fpu - 1750 MPa, £ - 125 GPa; D, 0-145 mm thick fabric sheets, fpu
= 4900 MPa, £ - 230 GPa.
'Failure mode: SY-CC, steel yielding followed by concrete crushing; CC, concrete crushing; PTC,
premature tearing-off of concrete cover from end of plate to centre of span; FR-CC, fibre
rupture followed by concrete crushing.
These beams were preloaded (cracked) to service load before strengthening.
Table 2. Summary of test beams and resul.
10 15 20 25 
Mid-span deflection: mm
Fig. 6. Load-deflection grar
10 15 20 25 30 
Mid-span deflection: mm
35 40
Fig. 7. Load-deflection graphs for group B beams
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and 119°/o respectively over the control slab. It was interesting 
to note that, even for the over-strengthened slab S2 (pe-, ~ 
1-02%), the failure mode was much less brittle than expected. It 
failed by partial debonding of CFRP sheet at the slab edge, 
followed by gradual concrete compression failure. This was 
somewhat contradictory to the belief that concrete compression 
failure is usually sudden and brittle. Similar trends were also 
evident in beams Bl, B3 and B5, where partial concrete 
compression failure took place in a near-brittle manner. 
Subsequent inspection of the failed slab S2 showed the 
development of a plastic hinge over a region of about 330 mm, 
or one-third the length of the constant-moment zone. This 
outcome was made possible by the large slab deformation 
(maximum central span deflection 99-8 mm) and intense 
cracking, which undoubtedly helped in absorbing some of the 
energy. The ductility index of slab S2 was found to be 1-44 
(Table 7), indicating that approximately 47°/o of the strain 
energy had been dissipated in the process. The corresponding 
failure mode therefore, although still brittle, was less than 
those noted for series A beams.
Slabs SI and S3 had a ductility index of 1-77 and 2-31 
respectively. Slab SI failed by partial rupture of CFRP sheets 
followed rapidly by lateral concrete shear failure. The failure 
mode was seen to be near-ductile. All three CFRP strips on slab 
S3 were fully ruptured, and the manner in which they failed 
was mild and ductile. A summary of the deformability and 
ductility indices for the beams and slabs is included in Tables 6 
and 7 respectively.
5. GENERAL DISCUSSIONS
5.1. Deformability-ductility indices and failure behaviour
Table 8 shows Ihe range of both indices related to the failure 
modes for Ihe two sets of tesls in ihe currenl cxpcrimcnlal





















































































Slab reference fcu : N/mm2 Tension steel: CFRP strength: CFRP modulus, Area of CFRP:

























All slabs were reinforced with 4T8 high-yield steel, with yield strength of 560 N/mm2 .
Table 4. Laboratory-evaluated material properties of RC test slabs
Slab reference Failure load: % increase over 
kN the control
SC - control 14-40 
SI 3820 165-3 
S2 80-40 458-3 
S3 31-60 1194
Deflection at % reduction of Failure 









The slab was deemed to have failed when maximum span deflection exceeded 120 mm, even though concrete in 
the compression zone had not been crushed. FR-CLSF, CFRP rupture immediately followed by concrete lateral 
shear failure; PD-CC, partial debonding of CFRP fabrics at slab edge followed by gradual concrete compression 
failure; SY-FR, steel yielding and rupture of all CFRP strips.
i ao,e x summary or mam siao test resu^^__^^m___^__H^^^^^^^^^^H
programme, together with those of the beams reviewed in 
section 3. It is clear that, for a ductile failure of an FRP- 
strengthened member, the deformability and ductility indices 
lend to have similar values, ranging from 1-93 to 2-59. As the 
failure behaviour becomes more brittle, both sets of indices 
decrease, with the minimum ductility index recorded to be 1-24 
in the current tests. However, the deformability index decreases 
more slowly, as the strengthened system retains the ability to 
deform, even with large areas of FRP composites present. This 
is due to the generally large strain capacities of the FRP 
composites.
52- Relationship between deformability and ductility
fte ratio ofddormabilily to duclilily index, A, was found to IK- 
closely related to the failure modi-. For I he 26 beams reviewed 
'"section 3 it is seen to approach (but remain slightly less
than) unity for a ductile failure. As the ratio A increases, the 
failure mode becomes progressively more brittle. The same is 
valid for the beams and slabs tested in the current study. Table 
9 shows a summary of failure modes relating to the A ratio. The 
differences between the deformability and ductility indices 
become more apparent as the elastic stored energy in the 
strengthened system increases. This clearly shows that high 
deformability is a necessary but not a sufficient condition for 
ductile behaviour. When the value of A reaches 1-28, and the 
deformability index is relatively low-say, less than 2-then a 
brittle failure mode can be expected.
5.3. Relationship between total amount of 
reinforcement and failure modes
It appears that the extent of brittle failure characteristics 
becomes greater with Ihc increase in area of external I RP
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90
- SC, Control S1, one-layer CFRP -^- S2. three-layer CFRP -S3, 3 No. CFRP strips!
10 20 30 40 50 60 70 80
Maximum span deflection: mm
90 100 110 120
Fig. 8. Load-deflection graphs for RC slabs
Beam ref. 0df Failure characteristic
Control beam (pf ^ 0%) 3-IO 2-77* Ductile
A beams (over-strengthened, pf - 0-64%) I-65 I-24 Extremely brittle
BI, B3, B5 (under-strengthened, p, - 0-073%) 2-1 I I-62 Near-ductile
B4, B6 (under-strengthened, p, - 0-073%) 2-09 I-95 Ductile
"The beams were tested under load-control configurations; the ductility index for the control 
beam could have been around four times higher if displacement control test regime had been 
used.
..*•.•-.- , '.. - • .\-.\-i:?(:>vi^»«»»isvwi:,«s«ffiiffi,i«««!«s:»»ffl;»«.^j*a»stJ'a i~i*>.-«»<sesSJiapMy
Table 6. Comparison of average deformability and ductility indices of RC bea,.
Slab ref. </>du Failure characteristic
SC (control slab, p, - 0%)
51 (near balanced, p, = 0-16%)
52 (over-strengthened, p\ = 0-48%)





*This value has been calculated based on 95% of the ultimate load, i.e. I 3-68 kN with the 
corresponding deflection of 58-00 mm, which is I/50th of the effective span. Had the full load- 
deflection curve been used, the ductility index of the control slab would have been 13.
Table 7. Comparison
composites. Shown in Fig. 9 is the proportion of elastic 
deformation of (he slabs in the current study plotted against 
the increase ofFRP ratio. The elastic (recoverable) deflections 
of the four slabs were recorded immediately after slab failure. 
It is clear that with slab S2, which has an FRP ratio of 0-48%, 
the elastic deformation is 78% of the total. The ductility index 
of 1-44 (Table 7) indicated 53°/o of elastic stored energy. This 
slab was seen to behave in Ihe most brittle manner of the four 
slabs.
5.4. Summary of discussions
The review of the 26 beams, as well as the results of current 
tests of beams and slabs, indicates that FRP-strengthened 
flexural elements, whether plated or strengthened by fabric 
sheets, are not able to attain the ductility level of the original 
unstrengthened forms. However, suitably designed elements 
can possess acceptable ductile characteristics, as demonstrated.
It is important to distinguish between deformahility and



































Current experimental Determined from review
A = 0 df/0du A - 0 df/0du
0-94 0-97
I-I6 I-I7
I -28 I 27
Average




Table 9. Correlation between failure mode and deformability/ductility ratio
'••.-, ?;x •'s:f:p\<';:-,-:['--~^"'i>:?t?¥X<i^KSVK"rJ-'-
0 0'05 0-10 0-15 O20 0-25 0-30 035 0-40 0-45 050 
Percentage amount of CFRP (100/tp/W?)
Fig. 9. Variation of elastic deformation with the increa 
CFRP area
ductility indices. High deformability is a prerequisite, rather 
than a sufficient condition, for good ductile characteristics. 
Ductile elements possess high deformability, but members with 
high deformability alone could still fail in a very brittle 
manner. Nevertheless, high deformability does provide some 
warning, in that large elastic deformations may be observed 
before ultimate failure and, in order to achieve good ductility, 
deformability must first be ensured.
°ne argument against using a ductility index for an FRP- 
Wengthened beam was presented by DiTommaso el al. They 
reasoned that it should be solely the amount of inelastic energy 
'hat is used to quantify ductility, and that the proportion of 
elastic energy to total energy is not important. In principle this 
is correct, but it would be impractical to compare and 
determine which element is more ductile without the provision 
of the ductility indices for all members. It must also be 
nuphasised that the absolute value of the deformability or 
ductility index is less significant than the relative comparison 
with that of an unstrengthened member. However, as
demonstrated earlier, the deformability index gives an 
indication of how much further the deformation can develop 
after the serviceability limit, and before ultimate failure occurs. 
Similarly, the ductility index should give a clear indication of 
the proportion of elastic energy at the time of member failure: 
the higher the amount of elastic stored energy, the more brittle 
the failure will be.
The present proposed concept of a deformability index seems 
to be pertinent for application to FRP-strengthened RC beams. 
The main advantage of this method is its design-based 
approach and ease of use. The deformability values also clearly 
indicate the scope for possible additional deformation after 
exceeding the service load but before reaching the ultimate 
failure condition. Both the ductility and the deformability of 
FRP-strengthened members are influenced by a number of 
factors. Although confinement of concrete in compression does 
improve the ductility of FRP-strengthened RC beams, the major 
influencing parameters are the material properties and cross- 
sectional area of the strengthening FRP composites, and the 
properties of the elements to be strengthened.
Based on the observations from current laboratory tests, it can 
be concluded that RC sections under-strengthened by FRP 
composites possess far better deformability and ductility 
behaviour than over-strengthened beams. There are also strong 
practical reasons for not over-strengthening, owing to the risk 
of accidental damage to FRP materials in service. Over- 
strengthening should therefore be avoided whenever possible. 
However, it must be stressed that the present study has dealt 
only with simply supported flexural members. For statically 
indeterminate beams and slabs the level of ductility will 
significantly affect the amount of moment redistribution. The 
methods for quantifying deformabilily and ductility outlined in 
the current paper are still applicable to continuous beams, 
although they become more complex in estimating the values 
of deformation for such members. Initial test results of four 
large-scale continuous RC beams indicate that full plastic 
hinges could not be developed in sections over-slrcnglhcncd
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with FRP composites, because the ultimate strength of the FRP 
composites could not be reached in these beams. It is therefore 
essential for designers to incorporate an appropriate level of 
ductility in FRP-strengthened flexural systems, whether they 
are simply supported or continuous members. The authors are 
currently undertaking further studies to correlate suitable 
ductility levels with the strengthening design procedures. This 
involves mainly the optimisation of the amount of FRP 
materials to be used, the material properties and the realistic 
levels of strength enhancement. The results of the study will be 
published as a continuation to this paper.
6. CONCLUSIONS
The differences between ductility and deformability 
characteristics of FRP-strengthened flexural elements have 
been examined in this paper, through the analysis of published 
data and the experimental results of the current study. A new 
method of quantifying deformability has been proposed, 
together with an appropriate energy-based ductility index, 
which was found to be the most suitable for FRP-strengthened 
flexural RC elements. Based on the numerical and experimental 
evidence, the following conclusions can be drawn.
(a) The three distinct failure characteristics of FRP- 
strengthened flexural elements-ductile, near-ductile and 
brittle failure modes—are inextricably linked to well- 
defined ductility and deformability indices.
(ft) Over-strengthening, due to the provision of large area of 
FRP composites, is seen to lead to high deformability but 
low ductility. Consequently the strengthened members are 
likely to fail in a brittle manner at ultimate limit state.
(r) FRP-strengthened RC slabs or other elements with light 
internal steel reinforcement generally exhibit more ductile 
behaviour.
(d) High deformability is a necessary but not sufficient 
prerequisite for ductile behaviour.
(c) For ductile failure, the deformability and ductility indices 
will converge to similar values. As the ratio of 
deformability to ductility increases, the failure mode 
becomes more brittle.
(/) For a ductile failure mode in an FRP-strengthened flexural 
member, the minimum ductility index should be 2-0, 
whereas the desirable value is 2-5 or greater. The FRP 
strengthening design equations, therefore, should be 
derived to meet this criterion.
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A REVIEW OF DUCTILITY DETERMINATION OF FRP 
STRENGTHENED FLEXURAL RC ELEMENTS
D. B. TANN, P. DA VIES and R. DELPAK
School of Technology, University of Glamorgan 
Pontypridd, CF37 1DL, United Kingdom
A comparative study has been undertaken in order to determine the 
suitability of existing ductility evaluation methods when applied to RC 
elements strengthened with Fibre Reinforced Polymers. The comparison 
will involve considering a number of criteria such as a) consistency of 
prediction; b) volatility of data; c) ease of application in practical cases and 
d) Accuracy of prediction.
It is shown that the indices calculated for brittle members can have 
variations when using the existing methods. It is also seen that there is a 
discernible reduction in deformation based indices in comparison to energy 
based ones. It is therefore proposed that a revised deformability method is 
examined, utilising the deformations at serviceability load (P s ) and 95% of 
ultimate load (Po.95 U )-
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The consideration of structural ductility is of predominant importance to all 
structural designers, as all appropriately designed structures must attain 
sufficient ductility, under ultimate loads, to provide adequate warning of 
failure and prevent sudden and brittle collapse.
The concept is particularly applicable to RC beams and slabs and to 
prestressed concrete elements. During many experiments in RC beam 
strengthening due to steel plate bonding, it became apparent that sudden 
peeling of the plates was one of the main causes of failure. This 
unpredictable characteristic has many similarities with RC beam 
strengthening using other materials such as Fibre Reinforced Polymers 
(FRPs).
From a practical and commercial viewpoint, there are ample cases where 
it may become necessary to strengthen a reinforced concrete member. 
Historically, this has been achieved using section enlargement or, more 
recently, by attaching steel plates to the tension surface. Over the past 
decade, FRPs have increasingly been used in place of steel plates but 
engineers have been hesitant in deploying this method of strengthening, 
mainly due to the uncertainty of sudden failure. It is recognised that FRP 
strengthened, reinforced concrete elements behave differently from their 
steel reinforced counterparts, due to the primarily linear elastic stress-strain 
characteristics of composites up to failure.
In this paper, the ductility or deformability indices from 55 beams (from 
published experimental data), which are listed in Table 1, have been 
calculated and studied using selected methods. All methods gave markedly 
different sets of results for each particular beam. Also, each method gave a 
wide range of indices for beams that failed in a brittle manner.
Aims
The overall aim of the study is to develop a method of determining the 
ductility or deformability index of any structural element strengthened with 
FRP. Firstly, a review will be carried out of the current methods of 
calculating the ductility index of structural elements. Ultimately, it is 
intended to develop a semi-automatic method of analysing experimental and 
theoretical Load/Deflection or Moment/Curvature data to determine indices.
REVIEW OF CURRENT LITERATURE
The question of ductility for FRP reinforced concrete elements has been a 
topic of considerable debate among researchers u- 3 -4 - 5 . it has generally been 
accepted that ductility can be measured by a dimensionless factor, i.e. a 




i) Deflection ductility: ^A = "r~ ^
where A u is the ultimate maximum deflection of a member and Ay is 
the value where the steel reinforcement reaches its yield strength.
ii) Curvature ductility: ju^, = —- (2)
^.v
where Ou is the curvature in the constant moment region at ultimate 
load and Oy is the curvature in the constant moment region at the steel 
reinforcement yield point.
As can be seen for both methods, an important deformation point to 
ascertain is the steel reinforcement yield point. Due to the nature of FRP 
strengthened elements to perform in a primarily elastic manner, this cannot 
easily be identified, as illustrated in Fig 1. Consequently, it is apparent that 
the above, conventional methods of calculating ductility indices may not be 
considered as appropriate for FRP strengthened elements.
Energy Based Methods
£•
i) For energy based calculations: JU E] - —- (3)
Ey
where Eu is the area under the Load/Deflection curve at failure and 
Ey is the area under the Load/Deflection curve at the steel reinforcement 
yield point.
ii) Another set of energy calculations are given by:
where Etot is the total energy, calculated as the area under the load- 
deflection curve up to the failure load and Ec) is the elastic energy.
This method was first published by Naaman and Jeong (1995) but 
there are practical difficulties in identifying the elastic stored energy. 
Consequently, Naaman and Jeong suggested that the elastic energy could be 
estimated using an equivalent triangle area under the load-deflection curve, 
with the slope of the estimated unloading line determined using the 
following equation (see also Fig. 2):
Figure 1. Diagram illustrating Figure 2. Example of calculation of 
difficulty of ascertaining steel yield equivalent elastic stored energy7 
point for FRP strengthened elements6
EVALUATION OF EXISTING METHODS
Experimental results from a number of published sources were used to 
evaluate the effectiveness of the various methods of determining ductility 
indices. The element data is presented in Table 1, with the calculated 
indices and failure modes listed in Table 2.
The values of indices from Deflection 1, Energy 1 and Energy 2 methods, 
for members that had exhibited a 'brittle' failure mode, were analysed 
to determine whether there was an apparent trend in the calculated values, 
together with an index based on the serviceability load".
This index was proposed by Tann7 , as FRP strengthened elements, 
when analysed using conventional methods, produce what appear to be 
acceptable ductility indices. However, the elements normally fail in a 
'brittle' manner because the relatively large deformation is not inelastic and 
a large amount of elastic strain energy is stored in the strengthened beams at 
failure. Consequently, a more appropriate description, 'deformability index', 
was proposed and is defined in Eqn. (6).
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N FRP Type: C' - Carbon. A - Arainid. (i - Glass; P - Plate. F - Fabric
Table 2. Calculated Indices and Modes of Failure
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248 vieldmg of the steel
1 40
1 -44 Failure at adhesive concrete interlace
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1.45 Plate separation
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1 4 CFRP failure followed In concrete crushing
1 4 Crushing ol concrete
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Note that figures in parentheses and italics are from the associated published paper, 
all other values are calculated
Table 3. Comparison of various methods of calculating ductility index 
Method Mean High Low Stan. dev. a
Au / A, 2.45 4.32 1.42 0.65
A U /AS 2.55 4.24 1.84 0.52
HE i E u / E y 4.22 6.56 1.83
HE.. 1.97 3.27 0.85 0.53
(Note: Non-correlation circled thus ;'' ""-, )
Energy, Non-correlation 9 points = 19%, Correlation = 81%
Figure 3 - Correlation of results between methods
Serviceability based deformability:
Vv-=-£- (6)
where Au is the ultimate mid-span deflection and As is the mid-span 
deflection at the serviceability load (taken to be 67% of the ultimate load).
As can be seen in Table 2, the various methods produced widely 
differing results for the ductility index relating to any given member, e.g. 
element 2A, where the indices vary from 2.75 to 7.81, and element 9B, 
where the indices vary from 2.45 to 10.14.
Further analysis shows that Deflection method 2 (using 
serviceability limit) has a significantly lower standard deviation, therefore 
demonstrating a more consistent set of calculated results. The mean, high 
and low values, together with the standard deviation are detailed in Table 3.
As can be seen from the graphs in Fig 3, both deformation methods 
resulted in good correlation between data, with slightly better congruence 
between the deformation methods (87.5% correlation) than the energy 
methods (81% correlation).
The serviceability method could be further improved by the 
replacement of Au with A0 9su , i-c. the deformation at 95% of the ultimate 
load, as suggested by Tann7 . This would remove the misleading values of 
deformation at 100% of ultimate load, which can be up to 4 times that at 
95%, and provide a more representative value for the deformability index.
Of the two energy based methods, the first (Eu / E y) produced a 
larger variance in the values for ductility index. This method is particularly 
sensitive to sections that are over-reinforced with FRP, as the energy at yield 
can be relatively small compared to the total energy and give a large (and 
possibly misleading) value for the ductility index.
CONCLUSIONS
A study has been conducted in order to evaluate the failure characteristics of 
FRP strengthened RC elements. The method is focussed in having ductility 
indices in order to assign numerical values to various states of failure. Of 
the published methods, those that are exposed to maximum citation and 
potential engineering use were considered.
It can be seen from the data discussed earlier, that the serviceability
based method produced the most consistent results as judged by the index
A2 in Table 3. It is found that, for practical design purposes it would be
easier to use this method with a clear reference point, i.e. deformation at 
serviceability load.
It emerges that the uncertainty in forming deformation and ductility 
indices depends very much on the difficulties in identifying:
a) the natural yield point (due to steel yielding), and
b) the ultimate point on the Action-Deformation curve, 
particularly when a flat plateau obscures the actual failure 
point.
Hence, the authors recommend that further analysis be carried out 
on the deformability index, Eqn. (6), and the introduction of A0 .95 U in place 
of Au , to determine the validity of this method.
ACKNOWLEDGEMENTS
The authors wish to acknowledge the following:
• University of Glamorgan
• Engineering and Physical Sciences Research Council for the funding 
which enabled this work and further research to be carried out.
REFERENCES
1. Grace, N. R, Sayed, G. A., Soliman, A. K. and Saleh, K. R., 
"Strengthening Reinforced Concrete Beams Using Fiber Reinforced 
Polymer (FRP) Laminates", ACI Structural Journal, 96(5), p. 865- 
874, 1999.
2. Razaqpur, G. A. and Ali, M. M., "Ductility and strength of concrete 
beams externally reinforced with CFRP sheets", Proceedings of the 
International Conference on Advanced Composite Materials in 
Bridges and Structures, Canadian Society for Civil Engineers, 
Montreal, Canada, 1996.
3. Aridome, Y., Kanakubo, T, Furuta, T. and Matsui, M., "Ductility of 
T-shape RC beams strengthened by CFRP sheet", Transaction of 
Japan Concrete Institute, 20, p. 117-124, 1998.
4. Pisanty, A. and Regan, P. E., "Ductility requirements for 
redistribution of moments in reinforced concrete elements and a 
possible size effect", Materials and Structures, 31, p.530-535, 1998.
5. Burgoyne, C. J., "Ductility and Deformability in Beams Prestressed 
with FRP Tendons", Proceedings of the International Conference on 
FRP Composites in Civil Engineering, Hong Kong, 12-15 December 
2001, p. 15-25.
6. Tumialan, G, Scrra, P., Nanni, A. and Belarbi, A., "Concrete cover 
delamination in RC beams strengthened with CFRP sheets", ACI 
Proceedings of the 4th International Symposium on FRP for 
Reinforcement of Concrete Structures (FRPRCS4), Baltimore, MD, 
Nov. 1999, p. 725-735.
7. Tann, D. B., "Retrofitting of Mechanically Degraded Concrete 
Structures Using Fibre Reinforced Polymer Composites", PhD 
Thesis, School of Technology, University of Glamorgan, Pontypridd, 
UK, 2001.
8. Bencardino, F, Spadea, G and Swamy N., "Strength and Ductility of 
Reinforced Concrete Beams Externally Reinforced with Carbon 
Fibre Fabric", ACI Structural Journal, 99(2), 2002.
9. Almusallam, T. H. and Al-Salloum, Y. A., "Ultimate strength 
prediction for RC beams externally strengthened by composite 
materials", Composites Part B: Engineering, 32(7), 2001.
10. Quantrill, R. J., Holloway, L. C, Thorne, A. M. and Parke, G. A. R., 
"Preliminary Research on the Strengthening of Reinforced Concrete 
Beams using GFRP", Proceedings of the Second International 
RILEM Symposium (FRPRCS-2), Ghent, August 23-25, 1995, 
p.541-550.
11. Capozucca, R. and Nilde-Cerri, M, "Static and dynamic behaviour 
of RC beam model strengthened by CFRP-sheets", Construction 
and Building Materials, 16, 2002.
12. Chajes, M. J., Thomson, T. A., Januszka, T. F. and Finch, W., 
"Flexural strengthening of concrete beams using externally bonded 
composite materials", Construction and Building Materials, 8(3), 
1998.
13. Ahmed, O., Van Gemert, D. and Vendewalle, L., "Improved model 
for plate-end shear of CFRP strengthened RC beams", Cement and 
Concrete Composites, 23(3-19), 2000.
14. Spadea, G, Swamy, R. N. and Bencardino, F., "Strength and 
ductility of RC beams repaired with bonded CFRP laminates", 
Journal of Bridge Engineering, 6(5), 2001.
15. Chajes, M. J., Thomson, T. A. and Tarantino, B., "Reinforcement of 
concrete structures using externally bonded composite materials", 
Proceedings of the Second International RILEM Symposium 
(FRPRCS-2), Ghent, August 23-25, 1995, p.501-508.
Appendix A_______________________________Published papers by the candidate
Appendix A-3 
CONFERENCE PAPER
"Strength and ductility of solid RC slabs strengthened by FRP
composites"
4th International Conference on Advanced Composite Materials in
Bridges and Structures 
Calgary, Alberta, July 2004
P.Davies-PhDThesis,2010 320
4 th International Conference on Advanced Composite Materials in Bridges and Structures
4ieme Conference Internationale sur les materiaux composites d'avant-garde pour ponts et charpentes
Calgary Alnerta July 20 - 23. 2004 20 - 23]uii'e: 20.'.-:
STRENGTH AND DUCTILITY OF SOLID RC SLABS 
STRENGTHENED BY FRP COMPOSITES
D.B. Tann and P. Davies
School of Technology, University of Glamorgan
Pontypridd, CF37 1DL, Wales, UK.
dbtann(o)glam.ac.uk pdavies7(S)glam. ac.uk
ABSTRACT: An experimental study was conducted to investigate the behaviour of retrofitted reinforced 
concrete (RC) slabs under short term static load. Eight slabs (3.0 m x 0.5 m x 0.1 m) were load tested to 
ultimate failure. All slabs were cast to be identical and the internal steel reinforcement ratio was kept at 
0.402%. Two slabs were used as control, while the other six were externally bonded with carbon fibre 
reinforced polymer (CFRP) fabric sheets or pultruted plates of varying geometry. The slabs were seen to 
behave significantly differently from that of typical FRP strengthened RC beams, where concrete cover 
tearing-off or other premature failure modes are often seen. It was found that the load carrying capacities 
of the CFRP strengthened slabs greatly increased over that of the control samples, by up to 458%. The 
maximum surface crack width of the strengthened slabs was noted to be within the normal serviceability 
limit until almost final failure. The average crack spacing in the constant moment zone of these members 
were found to be much smaller when compared with the unstrengthened control slabs. It was shown that 
the "over-strengthened" slabs could still exhibit reasonably ductile behaviour in comparison with similarly 
strengthened RC beams, even though a high proportion of elastic stored energy was evident at ultimate 
failure. A numerical model was used to predict the slab behaviour under the serviceability and ultimate 
loads, which showed excellent agreement with the experimental results. In conclusion, RC slabs are more 
suited for strengthening by externally bonded FRP composites than their beam counterparts. In an 
optimised design, the strength of FRP strengthened RC slabs can be significantly increased, while the 
ductility of such elements at ultimate limit state conditions can still be maintained at an acceptable level so 
that no catastrophic brittle failure would occur.
1. INTRODUCTION
It is well known that an appreciable number of bridges and building structures worldwide have been 
strengthened with externally bonded FRP composite materials over the past decade. One type of such 
application is the bonding of FRP fabric sheets or laminated plates to the tension face of bridge decks or 
floor slabs, usually to increase the flexural capacity. The design of FRP strengthened floor slabs are often 
treated, in a simplified approach, in exactly the same way as for the strengthening of RC beams. The 
design'guidelines produced by the UK Concrete Society TR55 committee or the fib bulletin 14 [1-2], for 
example, do not specifically distinguish between slabs and beams. This is because both beams and slabs 
are essentially flexural elements; slabs can be regarded as a series of "shallow beams" of unit widths, 
which may be treated in exactly the same way as recommended in national design standards including the 
current British and European codes [3-4].
However, there are major characteristic and behavioural differences between RC beams and slabs. These 
include- (a) typical RC slabs are usually lightly reinforced when compared to beams. For example, a 175 
mm solid slab with 12 mm diameter bars at 200 mm centres has a reinforcement ratio of just 0.32%, and
normal slabs are singly reinforced while beams are often doubly reinforced; (b) the ratio of neutral axis 
depth to the effective depth in a conventional RC slab is much smaller than that of a typical beam; and (c) 
shear stresses in RC slabs are much lower than in beams and shear reinforcement is not normally 
required.
FRP strengthened RC slabs therefore behave differently. Tann [5] used an analytical model to simulate 
the behaviour of RC slab and beams strengthened by various FRP composites. It was argued that doubly 
reinforced concrete beams should not normally be strengthened by external FRPs, if similar safety 
margins between the serviceability and ultimate limit states were to be maintained at the same level as 
that of the unstrengthened elements. It was shown that slabs are more suitable for strengthening than 
beams. The above conclusion was based on the criterion that FRP strengthened elements still exhibit 
acceptable ductility, in order to avoid catastrophic failure at ultimate limit state. Despite the large volume of 
research in FRP strengthening, only a few projects have specifically dealt with the design of FRP 
strengthened slabs. It is important for the designer of any slab strengthening scheme to be able to predict 
the structural behaviour at ultimate limit state from the outset. As a validation and extension procedure for 
the analytical model, the current study seeks to provide experimental evidence of the behaviour of FRP 
strengthened RC slabs.
2. EXPERIMENTAL PROGRAMME
2.1 Reinforcement arrangement and material properties
A total of eight reinforced concrete solid one-way spanning slabs were cast; the dimensions are shown in 
Figure 1. All elements were identically reinforced by four 08 mm high-yield steel bars (As=0.402%). The 
distribution bars used were 06 mm high-yield at 200 mm centres for group A slabs, and 08 mm bars in 
group B slabs. This slight discrepancy was not expected to have any significant influence in the 
experimental results, since the secondary reinforcement was only there to ensure an even distribution of 
applied load. The material properties of the steel and concrete were evaluated in the laboratory and are 
listed in Table 1.
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Figure 1 - Slab dimensions and reinforcement arrangement.
Table 1 - Properties of concrete and steel reinforcement.
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' For each group of slabs, at least three 100 mm cubes and one 150 mm diameter by 300 mm depth cylinder were 
compression tested 28 days after the slabs were cast. The average strength is quoted.
" Average yield strength of reinforcing bars was based on tensile tests carried out on four samples for each groups 
of slabs. Figures shown in italics in bracket are the ultimate tensile strength.
2.2 CFRP properties and strengthening arrangements
Two slabs were used as control samples and loaded to ultimate failure. The remaining six slabs were 
strengthened with CFRP sheets or CFRP pultruted plates as described in Table 2, where the FRP 
reinforcement ratio and the total equivalent steel ratio are also listed. The normalised thickness of the 
CFRP sheets was 0.14 mm (determined to be the weight per unit area divided by the density of the carbon 
fibre). The tensile tests were carried out on fifteen single layer laminated samples of 15 mm wide x 250 
mm long, prepared at the time of lamination and the main results are shown in Table 3. The CFRP 
pultruted plates were 1.4 mm thick and 120 mm wide, fifteen samples of which were also cut and tested in 
accordance with British Standard BS 2561 [6] and the results are also detailed in Table 3. All CFRP 
sheets and pultruted plates were cut to a length of 2800 mm, 100 mm short of the slab at either end.










1 layer sheet, full width
3 layer sheets, full width
3 100 mm-wide strips
2 layer sheets, full-width
2 120 mm-wide plates

























* Total equivalent steel ratio is the existing steel reinforcement ratio (ps = 0.402%) plus the equivalent steel ratio of 
FRP composites, determined as pes= ps + api where a is the modulus ratio defined as the elastic modular of FRP 
over the elastic modulus of the steel, a = E(/ES .
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2.3 Loading and instrumentation
All slabs were loaded to ultimate failure using a four-point loading configuration, as shown in Figure 2. 
Nine LVDT displacement transducers were placed along the span to monitor the deflection profile at each 
load increment. In addition, 32 Demec strain buttons were placed within the pure bending zone and 
another 6 on the CFRP surface along the span.
50mm 950mm 500mm 500mm 950mm 50mm
1450mm 1450mm
- indicates LVDT position
Figure 2 - Loading configuration and LVDT positions.
3. EXPERIMENTAL RESULTS
Comprehensive test data were recorded in the experimental study, which comprised the concrete and 
CFRP surface strains, crack propagation process and the deflection profiles at every load increment (of 
between 2 and 5 kN). A summary of ultimate load and maximum deflection for each slab is presented in 
Table 4, together with the failure mode for each slab.



























































Typical ductile failure, initiated by steel yielding.
Ductile failure, steel yield followed by crushing of 
concrete in compression.
CFRP partial rupture, concrete lateral shear failure.
Concrete failed in compression, partial CFRP sheet 
de-bonding.
Steel yielding followed by full rupture of all three 
CFRP fabric sheets.
Partial fabric rupture and slight debonding of FRP 
sheets at the slab edge.
Premature sudden debonding of both CFRP plates.
Premature sudden debonding of central plate.
* Ctrl is the average of both control slabs A1 and B1
Slab A1 was deemed to have failed at 14.4 kN, when the mid-span deflection had reached 120 mm and 
the maximum crack widths exceeded 3 mm. The slab displayed a typical under-reinforced failure mode, 
with internal steel reinforcement yield whilst the concrete in compression remained within the design 
strength limit. Slab A2 failed at a load of 38.2kN, with partial rupture of the CFRP sheet within the constant 
moment zone followed quickly by lateral concrete shear failure. Slab A3 displayed a significant increase in 
load-carrying capacity, 410% over the average value of the two control slabs (or 458% over control slab 
A1). Slab A4 was lightly strengthened, with only three 100 mm CFRP fabric strips. However, the ultimate 
load still increased to 31.6 kN, or about 100% increase over the control. The CFRP fabric strips all 
ruptured in the constant moment zone, as shown in Figure 4 (a).
Group B slabs were tested to verify the trend shown in group A results. Slab B2, which was strengthened 
with two layers of CFRP sheet, failed at an ultimate load of 57.5 kN, with partial CFRP sheet rupture on 
one side of the slab; some FRP sheet debonding was also evident near the slab edge. However, slabs B3 
and B4 behaved significantly differently from the rest. Slab B3, strengthened with two 120 mm pultruted 
CFRP plates, failed due to premature debonding of both plates, at a load of 68.5 kN. Slab B4 failed in a 
similar manner, with the central plate of the three debonding at a load of 60.0 kN, as shown in Figure 4(b). 
Upon closer inspection of the debonded plates, it was noted that there were voids present in the adhesive, 
which would have contributed to the bond weakness and induced a premature shear failure at the 
interface between the plate and the slab.
3.1 Deflection Behaviour
Shown in Figure 3 is the load against maximum mid span deflection for all slabs. It can be seen that the 
deflection behaviour for the slabs is as expected, with each increase in the CFRP as a percentage of total 
slab cross-sectional area resulting in increased stiffness. While slabs A2, A4 and B2 had a typical 
reduction of between 30% and 38% in ultimate deflection, Slab A3, which has the maximum increase in 
strength sees a relatively small decrease, with nearly 100 mm recorded at ultimate failure. This small 10% 
reduction suggests that slabs with high strength enhancement may still achieve large deformations. 
However, such deformation does not necessarily indicate that the slab has good ductile characteristics 
and this will be discussed in the following sections.
control average -«—A2 -A-A3 -*-A4 -*-B2 -»_B3
1 layer CFRP sheet (pM=0 567%) 
3x100mm CFRP strips (p =0501%)
0 10 20 30 40 50 60 70 80 90 100 110 120
Maximum span deflection (mm) 
Figure 3 - Graphs of load against deflection for all slabs.
(a) Slab A4 - CFRP total rupture 
(b) Slab B4 - Central plate debonding 
Figure 4 - Photographs of typical failure mode of the CFRP strengthened slabs.
3.2 Strength enhancement
It is apparent that the flexural capacity of the strengthened slab is directly influenced by the amount of 
CFRP composites bonded to it. Shown in Figure 5 is the relationship of the increase in flexural capacity 
against the ratio of CFRP used. As expected, the load carrying capacity increases when the area of FRP 
provided is increased. However, this trend changes when the FRP ratio is greater than 0.42%, which is 
approximately 0.9% of total equivalent steel reinforcement (see Table 2).
Slab A3 failed by concrete crushing, while the CFRP sheets still remain intact. It may thus be assumed 
that any further increases in FRP area would not result in any significant increase in flexural capacity, as 
the concrete in the compression zone would fail first. This suggests that there should be a predefined 
maximum strength enhancement ratio for a given existing element. Slabs B3 and B4 partially confirmed 
the above assumption. These slabs had high total equivalent steel ratio and failed by premature 
debonding before the ultimate load reached the level of Slab A3. However, it should be noted that slabs 
B3 and B4 were strengthened with CFRP plates, which are expected to have a different debonding 
mechanism to the other slabs. This is because the bonding areas were much reduced which would result 










0.0 0.2 0.4 0.6 0.8 1.0 1.2
CFRP Ratio (%)
Figure 5 - Relationship between strength enhancement and CFRP ratio 
3.3 Crack propagation
The crack propagation process in the constant moment zone is shown in Table 5. In general, the intensity 
of cracks in CFRP strengthened slabs is much higher than that of the control slabs, and the surface crack 
widths are considerably smaller. The number of cracks tended to stabilise after the serviceability load, and 
the average spacing between cracks in the CFRP strengthened slabs ranged from 22 to 25 mm, while for 
the control slabs, this figure is approximately between 53 and 63 mm. This phenomenon was as expected, 
since the bonding action between the slab surface and the CFRP composites naturally resulted in reduced 
crack width. As the average tensile strain in the constant moment zone increases, the number of cracks, 
naturally, had to increase too. It was interesting to note that for CFRP strengthened slabs, the load at 
which the first visible crack appeared was significantly higher than the unstrengthened controls.












































































Ductility is an important consideration in any design scheme. In the current study, the ductility 
characteristics of all slabs were analysed using a number of different methods.
4.1 Calculation of ductility indices:
Traditionally, ductility may be calculated from the element deflections, as a dimensionless ductility index, 
defined as the maximum span deflection at failure Au , over the corresponding deflection at the stage when 
the internal steel reinforcement yields Ay , .
Tann et al [7] suggested another index that measures the ability of a flexural element to deform. It is 
termed the "deformability index," and is based on the deflection at 95% of ultimate load and at the 
serviceability load, as defined by Equation (2),
9* = (2)
This overcomes the difficulty when the internal steel reinforcement yield point is often not apparent from 
the load-deflection curves, as is often the case with FRP strengthened elements. The deflection at 95% of 
ultimate load is used to remove the misleading values of deformation at Au , which can be many times 
higher than at 95% of failure load, thus providing a more representative value for the deformability index. 
For the purposes of this study, the serviceability deflection has been assumed to occur at 67% of the 
ultimate load. A more realistic approach for the quantification of ductility was proposed by Naaman and 
Jeong [8], based on the total energy and the elastic stored energy at the stage of just before failure:
(3)
where EU is the total energy under the load deflection curve at failure, and E e , is the elastic energy stored 
in the system at just before failure which must be released at the instance of failure. They developed a 
method of estimating the value of elastic stored energy Ee,, using Equation (4) to predict the slope of the 
unloading curve (see Figure 6):
PC^P_P^ ^
2345
Maximum Span Deflection (mm)
Figure 6 - Calculation of Stored Elastic Energy at failure. 
4.2 Proposed Method for determination of elastic stored energy
Naaman and Jeong [8] originally developed the above Equations (4) and (5) for estimating the ductility 
index of prestressed concrete beams with internal FRP tendons. Although not originally intended, this 
method may also be applied to FRP externally strengthened flexural elements; the results are more 
realistic and meaningful than using equation (1) or similar methods. However, in FRP strengthened 
members with high FRP ratio or high total equivalent steel ratio, Naaman and Jeong's equations will lead 
to under estimation of the elastic stored energy, and hence overvalue the ductility index. This is because 
only the two initial slopes are used in Equation (4) to estimate the unloading slope.
For a typical FRP strengthened member, the load-deflection response may consist of more than two 
apparent initial slopes, as illustrated in Figure 6 which was from a laboratory test result of a beam by the 
current authors The third slope is still linear and indeed very steep, indicating that substantially elastic 
behaviour of the strengthened system, after the internal steel reinforcement yielding, is evident. It is
therefore proposed in the current study that Naaman and Jeong's Equation (4) should be modified to 
incorporate the third slope, as expressed by Equation (5) (see also Figure 6):
,_P,Sl +(P2 -Pl )S2 +(P3 -P2 )S3s,
(5)
This revised slope gives a more realistic estimation of the unloading behaviour, and is especially suitable 
for FRP strengthened elements with a high FRP ratio. As can be seen from Figure 6, the predicted 
average slope matches the actual unloading curve very well. In cases where laboratory load-deflection 
data are unavailable, a semi-empirical method of predicting deflection until ultimate failure can be used [9]. 
In general, the difference between P3 and P u is expected to be small for FRP over strengthened members, 
and P3 may thus be taken as approximately the ultimate failure load P y . Using this modified approach, the 
ductility indices for all slabs have been determined as shown in Table 6, together with the deformability 
indices as defined from Equation (2).
It can be seen that while all CFRP strengthened slabs exhibited lower ductility than the control slab as 
expected, the slabs with higher total equivalent steel ratio (A3, B3 & B4) suffered the most reduction. 
Figure 7 shows the ductility and deformability indices determined by various methods of the six 
strengthened slabs.





































































• Traditional - Eqn 1
• Naaman & Jeong - Eqn 3&4
-Deformability-Eqn. 2
-Current Study-Eqn 3&5
0.6 0.8 1.0 1.2 1.4
Total equivalent steel ratio (%) 
Figure 7 - Comparison of ductility and deformability indices of all strengthened slabs.
It is clear that the traditional deflection based ductility index is not reliable. The Naaman & Jeong method 
gives better and more consistent results but tends to be over estimating the ductility, while the current 
modified approach shows the best results. When the total equivalent steel ratio is low, the element
behaved in a more ductile manner, and the deformability index converged with the ductility index. As the 
total equivalent steel ratio increased to beyond 0.7%, the deformability index became 20% to 30% higher 
than the ductility values. When the ratio increased to 1.289%, a substantial amount of energy in the 
strengthened system was found to be unconsumed elastic energy (approximately 76%). When this energy 
was released at the premature failure, it resulted in a sudden and brittle collapse mechanism.
5. NUMERICAL MODELLING
A non-linear numerical model developed by Tann [5], which is based on material constitutive laws and 
capable of predicting the flexural strength and deformation behaviour of FRP strengthened beams and 
slabs from beginning of load to ultimate failure, was used in the current study to estimate the slab ultimate 
load capacity. A computer programme was written in Microsoft Excel for automated calculations. The 
results have shown excellent agreement with actual experimental values, except for slabs B3 and B4, as 
illustrated in Figure 8.
n 
o
d Predicted Failure Load
A1 A2 A3 A4 B1 B2 
Slab Reference
B3 B4
Figure 8 -Comparison of predicted and actual failure loads.
It should be noted that slabs B3 and B4 failed with premature debonding of one or more of the CFRP 
plates and, upon closer inspection of the failed elements, it was thought that this was due to some visible 
voids in the adhesive layer. Consequently, the slabs did not reach the full flexural capacity, as the 
concrete remained intact up to final failure.
6. DISCUSSIONS AND CONCLUSIONS
The experimental study on CFRP strengthened one-way spanning solid RC slabs has shown that 
premature tearing-off failures do not necessarily occur in RC slabs, and as such, the design of such 
members should be based on different criteria from those for beam strengthening. The FRP composite 
materials when bonded to slabs, can reach higher levels of average failure strains than in beams. Based 
on the experimental evidence and the results of numerical modelling, the following conclusions can be 
drawn:
• The level of strength enhancement of CFRP strengthened RC slabs increases with the 
addition of extra FRP composites, until the total equivalent steel ratio reaches 
approximately 0.9%, at which stage the full flexural strength of the concrete can be reached
and the load carrying capacity of the strengthened slab increased to over 5 times that of the 
control.
• Premature debonding occurred in slabs B3 and B4, which had higher FRP ratios and total 
equivalent steel ratios of greater than 1%. It should be noted, however, that these two slabs 
were strengthened by plates rather than fabric sheets. The reduced bonding area, the plate 
thickness and the possible defects in the bond layer could have all contributed to the 
premature failure.
• The ductility of CFRP strengthened slabs can be suitably determined with an energy based 
method. The stored elastic energy in the CFRP strengthened system may be determined 
with reasonable accuracy using a modified unloading slope method.
• For all slabs with a total equivalent steel ratio of less than 0.9%, the failure mode was seen 
to be acceptably ductile, without any sudden or unexpected collapse at ultimate limit state.
• The deformability index and ductility index have similar values when the system is more 
ductile. For FRP strengthened slabs, a minimum ductility index of around 1.4 may be 
desirable for practical design. This is relatively low in comparison with FRP strengthened 
RC beams, as denser crack patterns in slabs may help release of the elastic energy at the 
instance of failure.
• A practical strengthening limit, based on the reinforcement ratio, loading arrangement, and 
geometrical and material properties of the existing structure to be strengthened, should be 
defined for each individual strengthening scheme. For example, for the given parameters in 
the current study, the suitable strengthening limit would be at slab B2, with a total 
equivalent steel ratio of 0.733%, the slab achieved an impressive 265% of strength 
enhancement, and exhibited a ductility index of 1.39.
7. ACKNOWLEDGEMENTS
The authors wish to thank the Engineering and Physical Sciences Research Council (EPSRC) of the 
United Kingdom for funding the research (Grant No.GR/R91397/01), and Exchem Mining and 
Construction Ltd. for the provision of all FRP materials and adhesives.
8. REFERENCES
[1] Concrete Society, Design guidance for strengthening concrete structures using fibre composite
materials, Technical Report No. 55 (TR 55), Crowthorne, UK, 2000. 
[2] fib Task Group 9.3, Externally bonded FRP reinforcement for RC structures, Technical Report Bulletin
14. July 2001. 
[3] British Standards Institution, BS 8110, Part 1, Structural use of concrete, Part 1 - code of practice for
design and construction, 1997. 
[4] British Standards Institution, ENV 1992-1-1:1992, Eurocode2: Design of concrete structures, Part 1 -
general rules and rules for buildings, 1992. 
[5] Tann, D. B., Retrofitting of mechanically degraded concrete structures using fibre reinforced polymer
composites, PhD Thesis, University of Glamorgan, Pontypridd, UK, 2001. 
[6] British Standards Institution, BS EN 2561, Carbon fibre reinforced plastics - Unidirectional laminates -
Tensile test parallel to the fibre direction. 1995.
[7] Tann, D.B., Delpak, R. and Davies, P., "Ductility and deformability of fibre-reinforced polymer- 
strengthened reinforced concrete beams," Journal of Structures and Buildings, Vol. 157, SB1, January
2004, pp 19-30 
[8] Naaman, A. E. and Jeong, S. M. "Structural Ductility of Concrete beams Prestressed with FRP
Tendons'," in Non-Metallic (FRP) Materials for the Reinforcement and Prestressing of Concrete, Ed.,
Taerwe, E & FN Spon, London, pp379-384. 
[9] Tann, D.B., "A semi-empirical approach for the prediction of deflections of FRP strengthened RC
slabs," Proceedings of the Sixth International Symposium on FRP Reinforcement for Concrete
Structures (FRPRCS-6), Singapore, 1, 2003, pp 357-366.
10
Appendix A ____________________________Published papers by the candidate
Appendix A-4 
CONFERENCE PAPER
"Relative performance ofFRP strengthened RC beam sections with 
varying levels of initial steel reinforcement"
Proceedings of ACIC 07 - Advanced Composites in Construction 
April 2007, University of Bath, Bath, UK
P. Davies-PhD Thesis, 2010 33 I
Proceedings of ACIC 07
Advanced Composites in Construction
2nd - 4th April 2007, University of Bath, Bath, UK
RELATIVE PERFORMANCE OF FRP STRENGTHENED RC BEAM 
SECTIONS WITH VARYING LEVELS OF INITIAL STEEL
REINFORCEMENT
P Davies 1 , R Delpak2 and DB Tann3
Division of Civil and Mechanical Engineering, University of Glamorgan, United Kingdom
Abstract: This paper focuses on the determination of failure mechanisms of FRP strengthened RC beams, in relation to 
the ductility and deformabiliry. It aims to establish links between the total equivalent reinforcement content and the 
failure mode. It involves:
(a) Database assimilation to collate failure information from 26 relevant beams tested elsewhere, and
(b) An in-house experimental programme to assess the ductility/deformability of 46 FRP strengthened RC elements 
with varying internal reinforcement designed to have the one of the following predetermined failure mode:
• Actual failure (rupture) of the FRP, with the bond remaining intact
• Tearing-off of the concrete cover
• De-bonding of the FRP
• Compressive failure of the concrete
No failure mode can be considered the "right" mode but the most undesirable is catastrophic failure resulting from 
over-reinforcing and strengthening.
The study indicates a correlation between the total level of equivalent internal reinforcement, which depends on 
additional FRP used for strengthening, and the corresponding failure mechanism.
Additionally, the analyses of results show that FRP strengthened RC beams exhibit significant increases in load- 
carrying capacity, which is achievable whilst displaying acceptable levels of deformability/ductility at all stages of 
loading up to ultimate limit state.
Keywords: Ductility/deformability, Catastrophic Failure, Excessive FRP Content
1 Introduction
The need for infrastructure rehabilitation, in 
contrast to demolition, is well recognised. Having 
accepted that FRP strengthening is a viable method of 
structural rehabilitation, it then becomes necessary to 
overcome the technical problems associated with FRP 
composite fibre strengthening.
Previous studies had indicated that the separation 
between the "FRP zone" and the RC area in close 
proximity of the re-bars shows dependence on the 
relative stiffness of the concrete element. This stiffness, 
in turn, depends on the level of internal steel 
reinforcement provided at the casting stage.
Hence, the question is posed regarding the 
existence of a critical level of tensile reinforcement,
above which a catastrophic separation is triggered, in 
contrast to the type of failure where there is some pre- 
warning of impending failure.
Clearly, the issue is not quite as straightforward, 
since in addition to factors such as the percentage of 
tensile reinforcement there may be other considerations, 
e.g. concrete strength, flexural element cross-sectional 
geometry, etc.
2 Total Equivalent Steel Reinforcement Ratio
Due to the variable properties of different types of 
composite fibres, an attempt has been made to represent 
the total amount of cross-section tensile reinforcement 
(both steel and composites) with a single parametric
Research student, pdavies7frrnlam.ac.uk 
Professor, rdelpakfrcfilam.ac.uk 
Principal Lecturer, dbtannfrMizlam.ac.uk
entity called the Total Equivalent Steel-reinforcement 
Ratio (TESR).
2.1 Calculation of TESR
The TESR is determined by first calculating the 
area of composite material as an equivalent amount of 
steel, using the modular ratio a\, as shown in Eqns. (la) 
and (lb), and then expressing the total equivalent 
amount of steel as a percentage of the total cross- 









Within each group there was one control beam, 
with the remaining three beams being strengthened with 
varying amounts of carbon fibre reinforced polymer 
(CFRP) sheet, either one, two or three layers.
3.2 FRP properties
Table 1 details the main elastic properties of the 
CFRP composites used in the experimental programme.





Ultimate tensile strength (N/mm2)
Elastic modulus (kN/mm2 )






The results in Table 1 were obtained from tensile 
tests carried out on fifteen single-layer samples of 
CFRP, which were strips 15mm wide and 250mm long.
2.2 Influences of TESR
It can be shown that increases in the RC element 
stiffness can be associated with high values of TESR. 
However, it is also true that significant increases in 
TESR result in a higher probability of the occurrence of 
an unacceptable failure mode, such as tearing-off of 
concrete cover or explosive concrete crushing. 
A comparative study has been carried out, utilising 
experimental results from a number of published 
sources [1-6], to evaluate the effectiveness of the 
application of TESR when determining possible failure 
mode.
3 Experimental programme
3.1 Beam configuration and test set-up
In addition to the data gleaned from published 
sources, an experimental programme has been carried 
out.
A total of twelve beams were cast, using high-yield 
reinforcing steel (with a measured value of 
fy=573N/mm2), in a beam of cross-section 100x200mm. 
The shear reinforcement comprised 06mm mild steel 
bars (fyv=250N/mm2) spaced evenly at 100mm centres 
in the combined shear/moment zone; no shear 
reinforcement was used in the 'constant moment zone', 
between the loading points. The concrete cube strength, 
fcu, was 42N/mm2 and the concrete elastic modulus, Ec 
was 38kN/mm2 . The clear span for all tests was 
2400mm and a four-point loading configuration, as 
shown in Fig.l, was used.
The beams comprised three groups with each 
group consisting of four beams. The variable between 
the groups was the internal steel reinforcement; 2 x 
08mm bars in the first group, 2 x 010mm bars in the 
second and 2x016mm bars in the last.
4 Comparative study
4.1 Comparison of TESR and element failure mode
Listed in Table 2 are the beams used in this study, 
together with their respective TESR values and primary 
failure modes. The TESR values have been compiled, 
based on the information published by the researchers in 
the database.
The beams from the present experimental 
programme are shown at the top of the table (SCON to 
16CF3) and all beams tested at the University of 
Glamorgan (Nos. 1 to 46) are shown in bold typeface.
It was seen that, when comparing the calculated 
TESR value with the observed failure mode, there is a 
correlation between an increase in the value of TESR 
and a more brittle mode of failure. Further 
investigations noted a trend between failure mode and 
TESR when plotted, as shown in Fig. 2. On the graph, 
the red points and their associated values represent the 
mean TESR value for that particular failure mode. The 
numbers in round brackets show the number of elements 
(actual tests) plotted for that particular failure mode.
It is acknowledged that all failure modes, with the 
exception of steel yield/concrete crushing, are brittle. 
However, the extent of "brittleness" in this context is to 
be interpreted with the deformability and ductility 
indices developed and referenced in this paper. This is 
naturally considered at the stages subsequent to steel 
yielding.
It is now feasible to link the distinct increase in the 
mean value of TESR to the mode of failure, as measured 
by deformability and ductility indices and it is expected 
that as the study progresses, with more data available 
for analysis, a more consistent range of values for TESR 
can be established for each failure mode.


































































































































































































































































































* Failure modes: 1-Steel yield/concrete crushing; 2- 
Fibre rupture; 3-Fibre delamination; 4-Tearing-off of 
concrete cover; 5-Explosive concrete crushing [3]
4.2 Comparison of TESR and failure load
In addition to the above general observations for 
the twelve beams in the experimental programme, a 
comparison is made of the element failure mode in 
relation to the amount of TESR. The results are shown 
in Figs. 3 (a), (b) and (c), with the trendlines for the 
curves corresponding to the 08mm and the 010mm 
beams, in addition to the relevant equation, alongside. 
It can be seen that there is a definite peak for the TESR 
value, after which the element becomes more brittle. 
This leads to a reduction in the load carrying capacity.
For the beams with 2 x 016mm bars the failure 
mode led to an explosive crushing of the concrete and 
was highly unpredictable, even for the control beam. It 
is considered that an increase in the concrete strength 
for these beams would result in a trend comparable to 
that seen for the 08mm bars and 010mm bars.
5. Ductility and deformability
There are two general approaches from which a 
ductility or deformability index can be determined:
5.1 Deformation-based methods
HA= —— (2)
where Au is the mid-span displacement at the ultimate 
load of the element and As is the mid-span displacement 
at serviceability load (taken to be 67% of the ultimate 
load).
However, this method has been further improved by 
the replacement of Au with A0.95u ; i.e. the mid-span 
displacement at 95% of the ultimate load, as suggested 
by Tann [3]. This would remove the misleading values 
for deformation at ultimate load, commonly 
encountered at the pre-failure stages of RC beam tests, 
which can be up to four times that at 95%.
The authors have previously proposed calculating 
the energy-based index using the following equation;
(4)
where Elol is the total energy, calculated as the total area 
under the Load/Deflection curve to failure, and Eft is the 
stored elastic energy.
This method was first published by Naaman and 
Jeong [8], who used the following equation to estimate 
the unloading curve, and, hence, the stored elastic 
energy (represented by the area under the unloading 
curve):
s = - (5)
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Figure 2: Graph of Failure Mode against TESR 
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c) Graph of Failure Load vs. TESR and
Ductility/deformability Index vs. TESR for beams with
016mm reinft.
Figure 3: Graphs of Failure Load vs. TESR and Ductility/deformability Index vs. TESR for University of Glamorgan
tested elements
5.2 Energy-based methods
It has previously been proposed by the authors [9] 
to modify this approach in order to take into 
consideration the additional elastic energy developed in 
any FRP strengthened element during the latter stages 
of loading. This modified approach incorporates a 
third slope, S3 , when calculating the slope of the 
estimated unloading curve, as shown in Equation (6) 
{See also Fig. 4}:
S = P,S,+(P2 -P,)S2 +(PL,-P2 )S3 (6)
This revised approach will yield an adjusted value 
for the estimated stored elastic energy, E"t,t, which can 
then be used to calculate the modified ductility index
935 as follows:
6. Relative performance of FRP strengthened 
beams
It has been recommended [3] that index values of 
more than 2.0 and 1.65 are acceptable for tolerable 
levels of deformability and energy-based ductility of 
FRP strengthened flexural elements respectively. The 
experimental indices shown in Table 3 are a summary 
of observed failure loads (and modes) listed against 
percentages of re-bar and TESR present.
The logical development then becomes to 
determine the benefit of strengthening with a 
maximum possible level of FRP, taking into account 
the initial (existing) reinforcement. Table 4 contains 
the percentage increase in load-carrying capacity for 
FRP strengthened elements from this study.
(7)



















































































































































































Below optimum strengthening/under performance
Optimum strengthening
Above optimum strengthening/under-performance





Estimation of Stored 




Figure 4: Typical load/deflection variation from laboratory tests and example of calculation of equivalent elastic stored
energy (See text for legend of symbols)
7. Observations and conclusions
A series of investigations and laboratory-based 
experiments have been conducted to determine the 
correlation between the total level of reinforcement 
(both internal steel re-bar and externally-bonded FRP) 
and the corresponding failure mechanism. This was to 
verify that the FRP strengthened elements can maintain 
an acceptable level of ductility/deformability, whilst still 
benefiting from an increase in load-carrying capacity
It is acknowledged that the TESR percentage values 
are based on the initial elastic state of the RC element 
and it is further agreed that once the main reinforcement 
yields, the calculation mechanism requires modification. 
The present study is part of a more general investigation 
of the change in ultimate limit state behaviour of RC 
elements. In this work TESR was found to be a 
convenient parameter to relate to various states of 
failure as defined by deformability and ductility indices.
1. An increase in the level of bonded FRP does not 
always result in an increase in load-carrying 
capacity.
2. Any increase in FRP above the optimum level for a 
particular section, as seen in Fig.3, even marginal, is 
seen to correspond to reduced levels of load 
capacity.
3. Modes of failure are judged to become progressively 
more brittle (as calculated by deformability/ductility 
indices) commensurate with increased percentages 
of externally-bonded FRP.
4. The optimum level of strengthening, mode of failure 
and ductility/deformability, appear to be section 
specific, depending on parameters such as 
percentage of internal steel reinforcement, fcu , etc..
5. There is a critical level of reinforcement percentage, 
above which the amount of FRP strengthening 
becomes inconsequential, where the brittle failure
modes are of the most undesirable categories, 
leading to sudden failure with little or no visible 
warning.
Structural engineers are not only conscious of the 
load-carrying capacity of an element or structure but 
also consider ductility and deformability as important 
structural characteristics, where enhanced 
ductility/deformability is a good design indicator.
Examination of the graphs in Fig. 3 shows that any 
increase or decrease of the indices with respect to TESR 
is reflected accurately alongside the failure load 
performance. Hence, when choosing a particular design 
with an appropriate level of FRP present, either the 
ductility or deformability index can be considered 
against total equivalent steel reinforcement.
Therefore, the authors consider that both relative 
and absolute performance of these sections is fully 
assessed.
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1 INTRODUCTION
The issue of ductility is of primary concern to all structural engineers, since all appropriately 
designed structures should be sufficiently ductile under ultimate load to provide adequate warning of 
impending failure, thus preventing sudden and brittle collapse.
From a practical and commercial viewpoint, there are ample cases where it may become 
necessary to strengthen a reinforced concrete member. Historically, this would have been achieved 
by attaching steel plates to the tension surface, or through section enlargement. The difficulties of 
mechanical fixing of attachments, interference with internal reinforcement of through end bolting and 
ensuing issues such as corrosion are well documented.
However, in recent years, Fibre Reinforced Polymers (FRPs) have become more widely used in 
place of steel plates for strengthening of reinforced concrete (RC) structures. However, design 
engineers have been reluctant to use the former due to the lack of definitive data relating to the 
performance of FRP strengthened RC structures and, hence, the possibility of brittle failure at ultimate 
limit state.
It is recognised that FRP strengthened RC elements behave quite differently from the 
corresponding steel-only reinforced counterparts, which is primarily due to the dominant linear elastic 
stress-strain characteristics of the composite materials up to failure. Previously, the authors have 
proposed that the determination of a ductility index for FRP strengthened RC flexural elements to be 
based on either: a) the serviceability and ultimate loads of the element; b) the total and stored-elastic 
energy of the element [1 '.
Both these methods produced consistent results and it was proposed that further work be carried 
out to develop both approaches and also to evaluate the indices of elements that are considered 
under-reinforced.
2 REVIEW OF CURRENT METHODS
The determination of ductility for elements strengthened with FRPs has been a topic of 
considerable debate among researchers [2 "7] . There are generally accepted to be two broad 
categories from which a ductility index can be determined:
2.1 Deformation-based ductility
Previously, the authors have proposed the use of the following equation to determine ductility from 
deformation data;
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where Au is the mid-span displacement at the ultimate load of the element and As is the mid-span 
displacement at serviceability load (taken to be 67% of the ultimate load).
However, it was felt that this method could be further improved by the replacement of Au with 
A095U ; i.e. the mid-span displacement at 95% of the ultimate load, as suggested by Tann [8) . This would 
remove the misleading values for deformation at ultimate load, commonly encountered at the pre- 




The authors have previously proposed calculating the energy-based index using the following 
equation;
^2L + 1 (3)
where Etot is the total energy, calculated as the total area under the Load/Deflection curve to failure, 
and Eei is the stored elastic energy.
This method was first published by Naaman and Jeong [9] , who used the following equation to 




It is proposed to modify this approach in order to take into consideration the additional elastic 
energy developed in any FRP strengthened element during the latter stages of loading. This modified 
approach incorporates a third slope, S3 , when calculating the slope of the estimated unloading curve, 
as shown in Equation (5):
S= PJ,+(P2 -^)S2 +(PU -P2 )S3
This revised approach will yield an adjusted value for the estimated stored elastic energy, E"el, 
which can then be used to calculate the modified ductility index (p 3s as follows:
1 ( F \ 
q> =- \-!2L + l\ (6)
" 2(E'
3 EXPERIMENTAL PROGRAMME
3.1 Beam geometry and loading configuration
A total of twelve beams were cast, using high-yield reinforcing steel, with a beam cross-section of 
100x200mm. The tension reinforcement comprised two 08mm, two 010mm or two 016mm steel 
bars, with the shear reinforcement consisting of 06mm mild-steel links spaced evenly at 100mm in the
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shear/moment zone. No shear reinforcement was used in the 'constant moment zone' between the 
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Fig. 1 Typical load/deflection variation from laboratory tests and example of calculation of equivalent 
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Fig. 2 Beam dimensions and reinforcement details
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3.2 Testing
For all tests, a four-point loading system was used. The specimens were instrumented with 
electrical strain gauges bonded at the following locations:
• The finished and clean top surface of the beam, at mid-span
• The tension reinforcement, at mid-span and directly underneath the point of load application
• On the surface of the CFRP laminates
In addition, concrete surface strains were recorded using DEMEC gauges in six zones, three on 
either side of the beam. The deflections were recorded using calibrated Linear Variable Displacement 
Transducers (LVDTs).
3.3 FRP properties and strengthening arrangement
In each set of four beams, one was used as a control beam, with the remaining beams 
strengthened with Carbon Fibre Reinforced Polymer (CFRP) sheets, as detailed in Table 1 where the 
FRP ratio and total equivalent steel ratio (TESR) are also listed. The thickness of the CFRP sheets 
was 0.165mm. Tensile tests were carried out on fifteen single-layer samples of CFRP; the samples 
were 15mm wide and 250mm long. The results are presented in Table 2.
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'Total equivalent steel ratio (TESR) is the existing steel reinforcement ratio, ps , plus the equivalent steel ratio of 
the FRP composites, determined as pes = ps + a p,, where a is the modular ratio defined as the elastic modulus 
of the FRP composite divided by the elastic modulus of the steel reinforcement, a = Ef/Es . E s is taken to be 
205,OOON/mm2 .
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4 RESULTS
A summary of the test results is given in Table 3, which comprise the ultimate loads and 
modes of failure. Table 4 presents the comparative values of the calculated ductility indices for all 
strengthened elements, using the index calculators of Eqns.1, 2, 3 and 6, given in Section 2.
It can be seen that each specimen provides significantly different results relating to the ductility 
index. However, the two proposed methods (highlighted in bold) yield much more consistent 
values and this is verified by comparing the calculated standard deviation (a) for the various 
methods, as can be seen in Table 5.
















































































FR=Fibre rupture; DB=Debonding of CFRP; PTO=Premature tearing-off of concrete 
cover; CC=Concrete crushing; ECC=Explosive concrete crushing; SY=Steel yield
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5 NUMERICAL VERIFICATION OF PROPOSED NEW METHOD FOR ESTIMATION OF 
STORED ELASTIC ENERGY
During the experimental programme, it was possible to obtain an unloading curve very close to or at 
failure for some specimens. This enabled a comparison of the actual unloading curve with the 
Naaman & Jeong and proposed 3-slope estimation method. The following is a numerical comparison 
using the data from 10CF2, the beam reinforced with two 10mm high-yield bars and strengthened with 
two layers of CFRP sheet.
5.1 Case studies




Fig. 3 Actual experimental unloading curve and Stored Elastic Energy, Ee! , for 10CF2
6
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From Fig. 3, the stored elastic energy is calculated from; 
£„ =-^(33.8-12.7X80.0)
E , = 844.0 kNmm
5.1.2 Estimation of stored elastic energy using Naaman and Jeong's method:
P=80- ——
Estimated unloading 





Fig. 4 Estimated unloading curve and Stored Elastic Energy, Eei', using Naaman and Jeong's Method
From analysis of the load/deflection graph, Fig. 4, it was possible to calculate the following:
P 94S = !! = __ = 10. 
1 8, 0.9
2 ~(5 (.-8j~ (18.2-0.9)
teXsJ+fc-^,) (9.4X10.4) + (66.8-9.4X3.3) _^^TI^ 
p 66.8
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5.1.3 Estimation of stored elastic energy using proposed 3-Slope method:
From analysis of the load/deflection graph, Fig. 5, the following can be calculated: 
S, = 10.4 , S2 = 3.3 (Previously calculated)








Fig. 5 Estimated unloading curve and Stored Elastic Energy, Eei",using Proposed 3-Slope Method
, (9.4X10.4)+ (66.8-9.4X3.3) + (80.0 - 66.8X0-9) _ 
~ 800
= 3. mm
Table 6 summarises the above results.








Actual "Eei" from 
experimental results
844
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6 CONCLUSIONS
Of the different externally-strengthened beams, tested under controlled conditions, the following were 
confirmed:
1) Beams with a lower level of TESR displayed the typical P/6 characteristics normally found in 
under-reinforced steel-only beams, up to failure.
2) Beams with TESR regarded to be at a "balanced" level had characteristics similar to (1) but 
with a curtailed level of deformability, as a result of the increase in stiffness due to the 
increased steel reinforcement and FRP.
3) Beams with TESR considered in excess of the "balanced" state displayed trends (both 
observed and predicted) where it becomes difficult to identify the stage of steel-yielding.
4) It was observed that the higher the value of over-reinforcement, the more difficult it becomes 
to judge the point at which the internal steel yields. In these cases there was a near-linear P/6 
relationship prior to brittle (as opposed to mild) failure.
5) In cases where the beam was unloaded as a pre-emptive (just before failure) measure it was 
seen that the creep portion of the P/5 curve could be identified and eliminated through the 
95% method suggested by one of the authors.
6) It was possible to apply the modified Naaman and Jeong method, suggested by the first 
author, satisfactorily. This was successfully based on the P/5 curves during loading and un­ 
loading.
7) The authors feel that they are close to providing structural design engineers (involved with 
FRP external retrofitting of RC beams) with more reliable analytical predictions for safer and 
more cost-effective measures in choosing FRP external strengthening systems.
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1 INTRODUCTION
Ductility is a chief concern to all structural design engineers, as all appropriately designed 
structures should be sufficiently ductile at ultimate limit state to provide adequate warning of 
impending failure, thereby avoiding sudden or brittle failure. In recent years, Fibre Reinforced 
Polymers (FRPs) have become more widely used in place of steel plates for strengthening of 
reinforced concrete (RC) structures. However, design engineers have been reluctant to adopt this 
technique due to the lack of definitive data relating to the performance of FRP strengthened RC 
structures and, hence, the possibility of brittle failure.
It is accepted that FRP strengthened RC elements behave quite differently from their normally- 
reinforced equivalents; this is primarily due to the dominant linear elastic stress-strain characteristics 
of composite materials up to failure. In previous papers, the authors have proposed that the 
determination of a ductility index for FRP strengthened RC flexural elements is to be based on either: 
a) the serviceability and ultimate loads of the element; b) the total and stored-elastic energy of the 
element [1] & pl . Both these methods have produced consistent results and it is proposed that further 
work be carried out to develop both approaches.
2 OVERVIEW OF CURRENT METHODS
The determination of ductility for elements strengthened with FRPs has been a topic of 
considerable debate among researchers [2'. It is generally accepted that a ductility index can be 
determined from one of two broad categories:
2.1 Deformation-based ductility
Previously, the authors have proposed the use of the Equation (1) to determine ductility from 
deformation data;
^,~ (D
where Au is the mid-span displacement at ultimate load and As is the mid-span displacement at 
serviceability load (taken to be 67% of the ultimate load).
Tann 13] suggested replacing Au with A0.95U (i.e. the mid-span displacement at 95% of the ultimate 
load), which would remove the misleading values for deformation at ultimate load, which can be up to 
four times that at 95%.
- + 1 (3 )
2.2 Energy-based ductility
The authors have also previously recommended calculating the energy-based index using the 
Equation (3), first published by Naaman and Jeong [41 -
= J_ 
£ 2
where Elo, is the total energy, calculated as the total area under the Load/Deflection curve up to failure, 
and Ee, is the stored elastic energy.
1
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Naaman and Jeong used the following equation to estimate the unloading curve at ultimate limit 
state and, hence, the stored elastic energy (represented by the area under the unloading curve - see 
also Figure 1):
It has been proposed by the authors to modify this approach in order to take into consideration the 
additional elastic energy developed in FRP strengthened elements during the latter stages of loading. 
This modified approach incorporates a third slope, S3 , when calculating the slope of the estimated 
unloading curve, as shown in Equation (5) and Figure 1:
^_ <> (5)
The revised approach yields an adjusted value for the estimated stored elastic energy, £'e/ , which 
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Fig. 1 Typical load/deflection variation from laboratory tests and example of calculation of equivalent 
elastic stored energy (See text for legend of symbols).
2 EXPERIMENTAL PROGRAMME
2.1 Beam geometry and loading configuration
An additional four beams were cast, utilising two 012mm steel reinforcing bars, in order to 
supplement the results previously obtained from twelve elements using 08, 010 and 016mm steel 
bars. The beam cross-section was 100x200mm, with the shear reinforcement consisting of 06mm 
mild-steel links spaced evenly at 100mm in the shear/moment zone. No shear reinforcement was 
used in the 'constant moment zone' between the loading points. The clear span for all tests was 
2400mm, as shown in Figure 2.
2.2 Testing
For all tests, a four-point loading system was used. The specimens were instrumented with 
electrical strain gauges bonded at the various locations on the elements and, in addition, concrete 
surface strains were recorded using DEMEC gauges in six zones, three on either side of the beam. 
Deflections were recorded using calibrated Linear Variable Displacement Transducers (LVDTs).
2.3 FRP properties and strengthening arrangement
One beam was used as a control beam, with the remaining beams strengthened with Carbon Fibre 
Reinforced Polymer (CFRP) sheets, as detailed in Table 1 where the FRP ratio, total equivalent steel 
ratio (TESR), failure load and failure mode are also listed. Tensile tests were carried out on fifteen 
single-layer samples of CFRP; the samples were 15mm wide and 250mm long, and the material was
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No shear reinforcement w; 
provided in the Constant 
Moment Zone
Fig. 2 Beam dimensions and reinforcement details
2.4 Results
Table 2 presents the comparative values of the calculated ductility indices for all strengthened 
elements, using Equations 1, 2, 3 and 6. It can be seen that each specimen provides significantly 
different results relating to the ductility index. However, the two proposed methods (highlighted in 
bold) yield much more consistent values.
2.2 Testing
For all tests, a four-point loading system was used, 
electrical strain gauges bonded at the following locations:
The specimens were instrumented with
• The finished and clean top surface of the beam, at mid-span
• The tension reinforcement, at mid-span and directly underneath the point of load application
• On the surface of the CFRP laminates
In addition, concrete surface strains were recorded using DEMEC gauges in six zones, three on 
either side of the beam. The deflections were recorded using calibrated Linear Variable Displacement 
Transducers (LVDTs).
3 Conclusions
Of the different externally-strengthened beams, tested under controlled conditions, the following 
were confirmed:
1) Beams with low levels of TESR displayed the typical P/5 characteristics usually found in normally- 
reinforced beams, up to failure, whereas beams with TESR regarded to be at a "balanced" level 
had similar characteristics but with a curtailed level of ductility, as a result of the increased stiffness 
due to the higher levels of steel reinforcement and FRP.
2) Beams with TESR considered in excess of the "balanced" state displayed trends where it becomes 
difficult to identify the stage of steel-yielding.
3) The authors feel that they are close to providing structural design engineers with more reliable, 
analytical predictions for safer and more cost-effective measures in choosing FRP external 
strengthening systems for retrofitting projects.
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Total equivalent steel ratio (TESR) is the existing steel reinforcement ratio, ps, plus the equivalent steel ratio
 of
the FRP composites, determined as pes = ps + a pt, where cr is the modular ratio defined as the elastic modulus
 of
the FRP composite divided by the elastic modulus of the steel reinforcement, a = Ef/Es . Es is taken to 
be
205,OOON/mms .
** FR=Fibre rupture; DB=Debonding of CFRP; PTO=Premature tearing-off of concrete cover; CC=Concr
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